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Stochastic Process

If yt isan observed time series, it is useful to regard it as one redlization a stochastic process.
The ORDERED sequence of random variables [--y_2, Y_1, Yo, Y1, Y2, ---] defined on an
appropriate multidimensiona probability space (€2, £, P) is caled a stochastic process. The set of
subscripts 7={---—2,-1,0,1,2,-- -} iscaled an index set. Suppose adieistossed at times 1, 2 and
3 the sat 2 isnow athree dimensona spacewith {1,2,---,6} points aong each dimenson. Now the
stochastic process may be defined by yt=w, the outcome a time t where w isan eement of 2. More
genedly yi=t w, may be the vaue of t times the outcome. We may define a sochastic process
y(t,w) as afunction of time as wdl as dements of 2. The underlying distributions can be complicated
multivariate entities.  We often assume multivariate normality for convenience. Some stochastic
processes are purely random. For example,
White noise stochastic process & is Smply a norma random variable with zero mean and variance
o2, that is

a ~ N(0,02) for dl t. Notethet E(axaj) = O, for dl j # O. 1)

Why isit caled white noise? This name comes from engineering literature where certain gadgets are
available which anayze the light waves into components of various frequencies. The spectrum of light
for the colors in arainbow can be seen by these machines. The white light has the property that all
frequencies enter equadly. It turns out that with truly iid (independent and identicaly distributed)
redizations of random variables & ~ N(0.1) as input into these gadgets one obtains a flat spectrum
for the light waves which is amilar to that of white light. Just as dl rainbow colors can be obtained
from white color, many stationary processes can be written as linear combinations of white noise
processes.  White noise process is dationary with zero mean and is uncorrelated over time.  If
normdity is present it is drictly stationary, otherwise it is covariance (second-order) stationary or
weekly dationary.

Autocovariance of a sochadtic process and Ergodicity

The autocovariance y of y; isdefined for lag k as E(yt, yt—k). Clearly this expectation will be
different for different lags k. For economic times series like the GNP we can expect the
autocovariance to be large when k is smdl. When k=0, v becomes the variance. In practice, we
have a dngle redization of the time series and we wish to make condgtent edimates of
autocovariances and unknown parameters of a joint probability distribution. In traditiona probability
theory, by consstent we mean that as the sample sze increases, the amount of useful information
increases. The assumption of ergodicity rigoroudy adapts the familiar notion of consgstency for time
series anadlyss.  Further strengthening of convergence is called uniform convergence which lets the
Seguences of functions inherit important and useful properties of continuity and integrability.

Hamilton (1994, p.46) whether time averages eventually converge to ensamble averages has
to do with ergodicity. If autocovariances satisfy iy jjl<oo.



Exercise: From the definition of ordinary correleion verify that the autocorreaion coefficient is
Pk = E(VtYi—k) j%(ytz)E(ytzk) = % /(7070 = %/ )

What modification do we need if the assumption Eyt = Oisreplacedby Eyt = o ?

Sample autocorrelation function (SACF) is obtained from a set of sample autocorrelaion
coefficients ri, based on n observations is defined by:
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= where k=12, -
= -9

If the observations come from a population having pk=0, the gpproximate sampling variance of ry is
nl , Box and Jenkins (1976, ch.2). Bartlett (1946) proved that under the null hypothesis of pk=0
for k> the variance V(r)=nm(1+2p2 +--+ 2p2). Itis customary to plot r againgt k along with
confidence band based on + 2v V(ry) where V(r)=r! based on Box-Jenkins approximation or
upon replacing the py by ry in the aove formulafor V(rk).

Stationary process

The plot of atime series over a time intervd [t, t+h) may sometimes closly resemble aplot a
another interva [s, sth]. This implies that there is a tempora homogeneity in the behavior of the
series, which is cdled daionarity. For example, the number of persond bankruptcies may be
dationary in monthly deta. Intuitively this means for example, that the time series between January to
March in one year may resemble June to August of another year. A dationary series should have no
discernible trends. By contrast non-stationary series have trends. GNP is a good example of a non-
dationary series.  For a precise definition of dationarity, some concepts from probability theory,
which are developed later, are needed. An imprecise operationa definition of stationary time seriesis
as follows  When the mean: E(Xt), the variance: Var (Xt), and dl autocovariances of specified lags
(say h): cov (Xt, X¢+n) do not depend on t, the time at which they are measured, we have a
dationary series.

Strict Stationarity

Let I" =[-T, T] beaset of integers. Let 11 =[ty, ...ty] and I = [t; + h,...ty+h] be two subsets
of I, where hiisan integer. A stochastic process Xt defined over 11 has T random variables (without
requiring that the integersin 11 be in any sequentid order), has ajoint dengity function f(X; for t e 11).
A time series is drictly gationary if f(Xt for t € 17) = f(Xt for t € 1) for every T, every h, and every
subset ty,...t7.

If 1°° = [...-2,4,0,1,..] isaset of dl integers the set [Xt t € 1°°] isinfinite dimensond.
The definition of drict dationarity may be applied to such discrete time series, or even to the
continuous counterparts defined over thered line. To characterize the joint dengity function f(Xt) for
t e 1°° it is better to use the characteritic function rather than moments because the latter may not
exig.




Weak Stationarity or Covariance Stationarity

A wesker concept of Sationarity dlows the joint distributions to change somewhat over time, but
requires that E(Xt), Var(Xt) do not change. Also, cov(Xt, Xi+h) is required to be afunction of lag
length h only, not depend on time t a which it is measured.  One should distinguish between
dationarity of a stochastic process and that of a redized time series. A drictly dationary stochastic
process with first two finite moments is also weskly ationary, but adrictly stationary time series may
not be weskly stationary because its moments need not exist (i.e. be finite). Many dationary series
are a0 cdled covariance dationary, wide-sense dtationary, or second order Stationary in the
literature. For the multivariate norma joint distribution, week and strict Sationarity are equivaent.

Most economic time seriesin their origind form are usudly non sationary, and are sometimes
“differenced", i.e, replaced by Yt = Xi+1 — Xt, or detrended with Yt = Xt — f(t), where f(t) isan
gopropriate function of time representing the deterministic evolutionary trend in the series. The
concepts of differencing and detrending will be discussed |ater.

For a stochastic process to be weakly stationary — aso called covariance ationary — there
are three requirements:
(1) E(yt) = p <oo for dl t, and isnot afunction of t.
(i) E(yt — p)? < oo for dl t, and is not afunction of t. 2
(i) E(ve — p)(Yix — ) = "k < oo fordl t, and isnot afunction of t

Strict detionarity is a stronger concept where the properties are unaffected by a change of time
origin. It requires that the joint distribution function F

FLy(ta), y(t2),- -+, y(tn)l = FL y(t1 k), y(ta+k), -, y(tn k)] 3
for al choices of time points y; to yn and for al k. If the first two moments of a drictly Stationary
process exig, (i.e, they are finite) it is dso covariance dationary and it satisfies the three conditions
(2). For the white noise process of (1) covariance Stationarity and dirict Stationarity are equivalen.
This follows from the property of the normd distribution that it is completely described by only mean
and variance.

Nondgtationary time series or stochastic process does not satisfy (2) or (3). It usualy evolves
over time and criticaly dependson time. It may have trendsin its mean or variance. Many economic
time series are nondtationary, and some transformation such as differencing or detrending is often
needed to make them sationary. Stationarity implies stable relations and the object of any theory is
to obtain stable relaionships among variables. Economic equilibria are often characterized by stable
long term relaions, even though there may fluctuations around the equilibriain the short run.

If one wishes to ded with nongtationary sequences, certain so-called mixing properties are
important. They are uniform mixing or ¢-mixing and a-mixing discussed in White (1984) and
Spanos (1986, ch. 8) which define various forms of asymptotic independence.

Exerciss Show that yt = atbt+e: is nondationary. Hint: compute the E(yt) and covariance E(y,
Yi_k) to show that they are dependent on timet.



Certain Dichotomies

) Determinigtic, non-deterministic (stochatic)

A determinigtic function of time, say f(t), is such that its value at specified time t is known
exactly. For example, a person's sday may be determined according to the number of years
worked, perhaps in certain civil service jobs. Non deterministic functions are more common where
certain random (stochastic) influences are present.

2) Discrete and Continuous Stochagtic Process

Congder the time variable t defined on an infinite interva | from the red line ( — oo to co).
For example I* =[ — T, T], aclosad intervd, isasubset of I. Thetimeis sad to be continuousiif it
is defined at each red number in the interva and discrete if it is defined only a Specified integrd time
vaues (eg. digtinct integers). The datisticd theory of time series is based on random variables X;
having probability distribution & eacht e I. The observed x; valueis regarded as one redization from
the collection of dl possble redizations (so-cadled ensemble). A stochastic process has as many
random varigbles as there are dements in the interva over which it is defined, and a joint distribution
of dl these random variables is condgdered. Since the form of the distribution function of the random
vaiable may be unknown, it is cusomary to summarize it by its fird two moments, or its
characterigtic function. For both discrete and random processes we may need infinite dimensiona
objects, and spaces of functions defined over them. This requires the use of Measure Theory.

3) iid and Non-iid Observations

The reader is assumed to be familiar with independent and identically distributed (iid) random
variables. For example, the irregular component or error term of a time series is often said to iid
norma with zero mean and variance o2 or N(O, o) in standard notation. The adjacent valuesin a
time series are often correlated with each other, i.e. cov(Xt, Xt+h) isgenerdly non-zero. Thisimplies
that Xt isnot iid.
Variance of Product of Independent Random Vaiables
Var(X1Xo) = [E(X J]2Var(X1) + [E(X 9]2Var(Xp) + Var(Xp)Var(Xy)

Conditiond Expectation

We define the conditiona probability (dengity) function of X1 given that the r.v. X, hasthe
particular value x, to be

- - —y] = 1206 %)
P(X1 x2) = Pr{X1=xq Xo=xo] = =£ 5y

where Pr denotes probability, f1o is the joint probability function of (X1X>2), fois the (margind)
probability function of X5, and fo(x) > 0.
Conditiond expectation is Imply the expectation over the conditiona probability density function.

Law of Iterated Expectations




In Sargent (1979, p. 208) macroeconomics text a proof of a amilar result is given. In smple
cases macro economigts write E_ o (B _1Xt) = E_2 Xt, where the subscript on E indicates the time
at which the expectation is made.

Two period expectation (Exp of Exp) at time zero of one-period expectation regarding time 2 is
amply the origina two period expectation regarding time 2 made a time 0.

Hamilton (1994, p. 742) notes that conditiona expectation E(Y|X) depends on the random variable

X. If weview E(Y|X) itsdf as arandom variable and take its expectation w.r.t. the didtribution of X,
we have iterated expectations:

Ex[ Evx (YX)]= fol o ¥ fyx (yxdy ] fx (x) dx
conditiona density equals joint divided by margind, or: fyp=fxy /fx. Henceiterated expectation is

fo%[ foooy fyy dydx= jf)% y fydy= Ey(Y). Thusthe random variable E(Y |X) has the same expectation
astherandom variable Y.

Law of Iterated Projections
Hamilton (1994, p. 100) notes that if we project the (projection of Y3 given Y1 and Y>) itsdf on Y1
issmply the projection of Y3 on Y. Thisisaso used in Sargent.

Concepts Related to Probability Theory
) White Noise
This name comes from engineering literature where certain gadgets are available which andyze
the light waves into components of various frequencies. The spectrum of light for the colors in a
ranbow can be seen by these machines. The white light has the property that dl frequencies enter
equdly. It turns out that with truly iid redizations of random varigbles a ~ N(0.1) asinput into these
gadgets one obtains a flat gpectrum for the light waves which is amilar to that of white light. Just as
al rainbow colors can be obtained from white color, many stationary processes can be written as
linear combinations of white noise processes. Recdl that Kronecker and Dirac ddta functions are
used in defining white noise.
2) Random Wak
Consider the iid model Xt ~ N(0,02) and consider the cumulative sum based on redizations
xt of the r.v. X;. A random walker takes steps of Sze x; & time t, where the movement may be in
positive or negative direction. The walker starts at zero to take a walk based on x; @ thefirg time
unit.
Y1=X1
Y2=X tX%

Vi=XgtXo+ ...t X%



which can be written in the dternative form:
Vi =t + X fort>1.

The random varigble Yt represents the summation of random variables and indicates the postion
of thewadker at timet. Itsexpectationis
E(Yt)=E X x=0,fordlt
and the variance for sum of independent r.v.'sis
Va(Yt) = X Var(X)
=to2. Notethatif z; isN(0,1), y; isN(O,t), where var. ist not unity asin Wiener process
(Brownian mation).
Cov(Yt,Ys) =E(xg + X0 + ... Xs) (X + X2 ... + Xt)
= Ex] + Enjzp + ...
=t o2 forl<t<s
From our definition of stationarity, this is obvioudy a non-dationary process because two indicators,
the variance and covariance, depend on t. If we consider a confidence intervad for Y, itswidth will
be seen to increase linearity with t.

Now let us consder ar.v. defined by the firat differencesof Yt seriesZt = Yi¢ — Y fort
> 2, and note that equation for the aternative form of the random walk given above implies
Yt — Y1 =x fort>1
Hence Z; is the same as Xt except that it Starts at t=2, that is, Zt ~ N(0,02), which is of course
dationary.

Random Wak with Drifts
If the r.v. comprising the random walk has a nonzero mean we have x; ~ N(u,0%) EXt = ¥ u
= tu will be nonzero. The mean will be non-gtationary aso, and the walker will drift toward it.

Data Transformation to Achieve Stationarity

Recdl that a covariance stationary time series is defined by the following properties: E(yt) =
pu isthe mean, Var(y) = o7 isthe variance for al t, and Cov(ytyi ) = o px is the covariance for all
t and k where py isthe serid correation coefficient of order k. The point is that the covariance does
not change with time.  Sometimes the shorter expression “dationary” is used indead of the more
precise “covariance sationary".

Trend Remova by Regression or Differencing Compared

Nondationary time-series usudly have trends in them which make ther means and
covariances time dependent. They need to be de-trended by one of two procedures before further
anadysis based on the datistical properties of stationary time series can be performed :
|. Performing regressions on time variable to make the resduas sationary.

2. Repested differencing.
We discuss the regression gpproach first. Let us assume that the series'y: is generated by
ye = f(t) + 1)



where f(t) is caled the trend and the error term u iISST N(O,o—ﬁ), that is, agationary series with zero
mean and variance aﬁ. The following types of trends have been used in the literature: polynomid,
exponentid, logigtic, explosive growth, and S-curve trend in (1) to (5) of §83.1 above, anong others.

Let us suppose that f(t) islinear and let
yt =bg+ 5 t+ u (asocaled LTSP mode below) 2

be a nonstationary linear trend model. Note that the de-trended series is Smply Tk the least squares
regresson resduals, that add up to zero ﬁ = 0, and are orthogond to the time regressor t in the
usud sense. Since there are no lagged vaues on the right hand side of (2), it is intuitively gpparent
that the shocks do not last along time in such trend stationary models.

The second method of de-trending uses successive differencing. It exploits a well-known
mathematicd fact tha a polynomid of p-th degree is flattened by consdering p-th successve
differences. Following exercises checks this resuilt.

Exercise usng a Computer: It is convenient to Sate the problem in the notation of GAUSS computing
language. Define t=sega(1,100,1);a sequence of numbers from 1 to 100 and denote by rndn(100,1)
a cdl to a unit norma random number generator to create a vector of 100 such numbers. In
PCGIVE the notation is x=rannormal (0,1) Next define 3 vectors.

y1=1+2*t+.001*rndn(100,1); (equation (2) with p=1 here)
y2=1+2*t+3*t"2+.001*rndn(100,1); (p=2 here)

y3=1+2*t+3* t"2+4* t"3+.001* rndn(100,1); (p=3 here)

These are polynomids of degree p=1,2,3 respectively with a smal (.001 times) norma random
number (denoted rndn) added to each. Compuite the first difference of y1 (Ayl) and note thet it is
detrended (flattened). Similarly second successive first difference of y2 (A2y2) detrends y2. For
detrending the cubic defined by y3 above, the differencing operation A is gpplied three times.

If the data are generated by the logidtic, explosve growth, or S-curve trend, verify that differencing
can make strange transformation of the data, and certainly does not detrend it. Also, verify that over-
differencing can be mideading.e (Bullet symbol suggeststhe end of along exercise).

Exercise Practice the differencing operator. Start with y; to yg, say and evauate the higher order
differences.

The yt from (2), which is linear (polynomid order p=1) is flattened by consdering the first
differences to diminate the trend. We get
Ayt =yt — V1= 0+ — U1 3



where 5 isnow cdled adrift parameter.

Execise Veify tha (3) is covariance dationary. Hint: write E(Ayt)=6 and the variance,
Var(Ayt):Zaﬁ and gmilaly the covariance Cov(AytAyi_k) to verify that they are no longer
functions of time. «

To diminate the drift parameter 5 in (3) we can ether re-center the data y or teke a firgt
difference once again to yied

A% =A% = — U1+ (4)
as ade-trended series.

Exercise: Prove that the process in (4) is covariance dtaionary by showing that ~ defined from the
right hand side of (4) does not depend ontimet. ¢

Let usrewrite (3) as arandomwak mode with drift:
Vi — Y1 =0+ e (dsocdled the FDSP mode below) (5

where et= — W_1 is STN(0,02), a Stationary series with mean zero and variance o2, Imagine a
person garting awalk a the origin on thered linea time 0. Attime 1 hewakstoy; =6 + ¢, and a
time t=2 he ends up at y,=23+e1+e2 and S0 on to yi=t3 +e1+eot ---+¢t. In this case the firg
difference of yton the left hand side of (5) is Sationary with mean 3 because the covariance of the
right hand side of (5) can be shown to be independent of time t. More generdly, we consder a

random waker sarting with an initid vaue yg rather than 0.

Unlike the trend Stationary modd (2) having a single error term ¢, observe that Random
Wak (RW) modds based on (5) have lagged vaues present, which lead to the presence of partia
sums of error terms:

yt:yo+ﬁt+j_joq whereeg =0 (6)

which has the same form as the nongtationary linear trend mode of (2) except that the disturbance is
now a summeétion to t, hence it depends on timet. Of course, this disturbance is not sationary, its
variance to? increases over time. Nelson and Plosser have specific names for the two lineer trend
models of (2) and (5). Themodd in (2) is caled (linear) trend-stationary processes (LTSP) and the
modd in (5) is cdled (first) difference gationary processes (FDSP). Observe that the appropriate
method of diminating the trend in (2) is regresson and for (5) it is differencing. Next, we consder
the practical problem is choosing between the two methods by means of a datistica test. The issues
related to possible over differencing are discussed by Nelson and Kang(1981,84).

Satidtical Test for Comparing Trend Remova by Regression with Differencing

We can test the null hypothesis that a time series belongs to the LTSP cdlass (2) againg the
dternative that it belongs to the FDSP class (5) asfollows. Nelson and Plosser suggest a test based
on an auxiliary regression which encompasses the two choices.

Yt =bo+ pyr1 + Bt+e (7)




which belongs to the FDSP of (5) when p = 1, 8 = 0 and the LTSP class (2) when [p|=0, It is
dationary if |p| < 1. If |p| >1 neither of the two de-trending methods can induce Stetionarity and we
have the so-caled explosive case. In the auxiliary regression (7) it is tempting to test the joint null
hypothesis p =1, 5 =0againg p <| by theusud Ftest. Unfortunatdly, we cannot use the usud least
squares distribution theory because of the presence of the lagged dependent variable y;_1 in (7)
whose coefficient [p| = 1.

Dickey and Fuller(1979,1981) show that the least squares estimate of p is distributed around avaue
which is smdler than unity under the FDSP hypothess, dthough the negative bias reduces
asymptoticaly, as the number of observations T — co. They suggest a likdihood ratio test and
tabulate the dgnificance points for teging the joint null hypothess 5=0 and p= | in (7). A
nongtandard didtribution is needed because the limiting didribution is nonnorma which can be
expressed as integras of Brownian motion, Phillips (1987). The presence of intercept leads to
practica problems in these tests and the other practica issue is that e are often not white noise.
Dickey and Fuller (1979) suggest asolution to the latter problem in the form of an augmented Dickey
Fuller (ADF) test. Thisinvolvesat gatigtic on y;_1 in the augmented modd:

Ayt= (p— 1) ya + ZifiAy + et (78)
The asymptotic digtribution is the same as in the original Dickey-Fuller case and does not depend on
0; However, the researcher must pick the order of autoregression by some data based criterion (e.g.
Akaike Information Criterion) or by searching over a set of possible choices. Schwert (1989) notes
that this method works better than a nonparametric dternative suggested by Phillips and Perron
(1988).

Nelson and Plosser gpplied the Dickey-Fuller test to awide range of historical time series for
the U.S. economy and found that the FDSP hypothesis was accepted in dl cases, with the exception
of the unemployment rate. They conclude that for most economic time series the FDSP modd is
more gppropriate, and that the LTSP mode would be the reevant one only if we assume that the
errors u in (2) are highly autocorrdlated. In other words differencing does a better job of
transforming the nongtationary economic time series into a dationary series for further anayss.

Dickey Fuller Test for the AR(1) Mode

In this subsection we explain briefly the idea behind the Dickey-Fuller test mentioned above.
We consder the smpler problem of testing the hypothess |p|= | in the first order autoregressve
AR(1) model

Yt=bo+pyr1+u (8)
where it ~ N(0,1) is a white noise process. Thistest is aso caled “testing for unit roots,”" because
the characterigtic polynomid in z has only one root which equas p. To obtain the characteristic
polynomia use the lag operator L and replace it by z1, where the notation z is standard in systems
literature as the variable of the “z-transform”. From (8) first write 0=1 — pL andthen 0=z — p.
There is condderable literature on the unit root problem, Dickey, Bell and Miller(1986) provide a
survey, and one of the popular tests is the Dickey-Fuller(1981) test. From the solution of (8) as a



Sochadtic difference equation discussed later we will see that when p=1 the starting value and the
shocks at distant past get weighted by 1 as are the recent shocks.

The standard expression for the asymptotic variance of the least squares estimator p of the
AR(1) modd is (1 — p?) /T for |p|<1 according to Mann and Wald (1943). Otherwise, if our null
hypothes's p=1 is true, this expresson for the variance becomes zero. Intuitively, the problem is that
it may not make sense to use /p\ whaose asymptotic variance is zero under the null hypothesis p=1.
Hence, one needs to derive the limiting distribution of % under Ho, p= 1 to apply thetest. When the
sample size tends to inffinity (T — co) the sampling distribution of % under the null hypothesis (p=1) is
not degenerate, but complicated, Rao (1978). Hence the estimate » is more accurate when p=1 than
when [p| <1. Regarding the size of T, further work indicates that T>70 is needed to get areiable five
percent test, Dickey et. a (1986, p.16).

For testing the joint hypotheses p=1, 5=0 in the random wak with drift in (5) Dickey and
Fuller(1981) suggest a Likeihood Ratio (LR) test, derive the limiting distribution and present tables
for thetest. The F-vauesin Dickey and Fuller are much higher than those in the usual F-tables. For
ingtance, the 5% ggnificance vadues from the tables presented in Dickey and Fuller, and the
corresponding F-values from the standard Ftables (when the numerator df. is 2 and the d.f. for
denominator isn— 3, asin thistext) are asfollows:

Sample F-ratio from F-ratios from Dickey et.d's
Szen Dickey-Fuller Standard F-tables t,

25 7.24 3.42 3.33

50 6.73 3.20 3.22

100 6.49 3.0 3.17

00 6.25 3.00 3.12

The basc message from this table and underlying theory is that one should be weary about over
confidence in the significance of esimates if a modd was not differenced, when it should have been
differenced. Dickey, et.al.'5(1986) t,, values are reported in the last column, and are gpplicable when
AYt=yt — Yi_1 IS regressed on a vector of ones (for the intercept) and y;_1. The usud t datistic for
the coefficient of y;_, is not distributed as Student'st but ast;, in the above table.

Autoregressve Model of p-th order AR(p)

In this section we define the p-th order autoregressve model which is a generdization of (8).
The*auto" in autoregresson suggests thet the variable is regressed on its own (past) values. First we
define (L) as an autoregressive polynomid in the lag operator L tobe 1 — ¢qL — ¢ol2 —
- -+ — ¢pLP. Now the AR(p) model is given by

o(L) Yt =bo + w 9)
Exercise Verify that (8) is a gpecid case of (9). For the unit root case show that the root of the
polynomid in z and of the polynomid in L (asis) is unity.

Moving Average Modd of g-th order MA(q) and Wold Decomposition




The notion of moving average involves averaging over a set of consecutive vaues of a
random varigble. It isthis set that moves smilar to amoving window. For example, one thinks of a
weighted averages of {ug, p and ug}, {Up, Uz and w}, {Wz, Wy and us}, - - -, etc.. To define MA(Q)

let us first define as the moving average polynomid O(L) = 1 — 61L — 6L2 — - — OqLY.
Now, the MA(g) modd is given by
yt =bo + O(L) u (10)

where ir ~ N(0,1) is the white noise process.

Properties of MA(1):
Hamilton (1994, p.48) yi=p + et + Oet.q .

E(yt)=p, 10=Var(y)=(1+62)0?

First autocov.

V1=E =) (Ye-1-1)=E( et + Oer-1)( -1 + Oer-2)=002
7; for j>1 are dl zero.

ho [+ha [+ [+ ... =(1+62) 2+652.

Thisisfinite so MA(1) isergodic.
autocorrelation pq for MA(1) is~y1 /7o or 6/(1+62). Hamilton'sfig 3.2 page 51 plots pq for different
vauesof . Pogtived leadsto postive p1. Evenif =2, p; isfinite

Exercise: Congtruct an MA(co) modd.

Wold (1938) showed that after removing nongationary components and deterministic
components, we have a purely nondeterministic series (yt — p) which can be written as a linear
combination of a sequence of uncorreated random variables. Wold's remarkable theorem implies
that dmost any time series (after gppropriate transformations to achieve gationarity) can be written as
a pecia case of an MA(oo) process. Any MA(q) model is obvioudy a specid case of MA(c0). If
we dat with an AR(1) modd, we can formdly invert the polynomid 1 — ¢L and write it as an
infinite series 1+w+w2+ - -, with w=¢L. The infinite order polynomia can be interpreted as an
MA(c0) model. Thenyt = bo(1 — ¢)™ + 2 ¢lu_j . Weshall seethat this expression for y may
be viewed as a solution of a stochastic difference equation.

If we start with a mixed AR(1) and MA(1) modd denoted by ARMA(1,1) can this dso be
written as MA(co0) modd ? ARMA(L,1) isgiven by

(1—¢1L) t=bo+ (1 - O1l) (11)
It can be verified that the polynomial expresson (1 — 81L)(1 — ¢1)~ can indeed be expressed as
an infinite polynomid in the lag operator. Thus the Wold decompaosition may be written as:

Vi = Zjozoo G U, where Gp=1

Invertibility of MA(1): Hamilton(1994, p. 64). If invertible, |9|<1, then MA(1) can be written as
AR(c0). MA processes have the interesting property that invertible and noninvertible representations



have the same autocovariances. Same autocovariance generating functions (AGF's) are obtained by
replacing 6 by (1/0). If one is larger than unity the other is smdler! Why do we need invertible
representation? As a practicd matter, for an invertible representation. the past data are used to
generate future. If it is noninvertible, one would need future data to predict past, a ridiculous
Srategy!

Autocorrelation and Partiad Autocorrelation Function

Autocorrelation coefficient is the smple correlation coefficient p; between yr and y;_j for
j=1,2,-- - M, where M=maximum lags. Correation coefficients may be useful for testing seasondity
or other forms of periodicity, and as a precursor to choosing the parametric model for the data. We
can compute large lag (asymptotic?) standard errors (SE's), and plot autocorrelations at zero plus or
minus twice standard errors, (0 4+ 2 SE). If an individua autocorrdation fals outside these bounds,
this suggests that it is Sgnificantly different from zero.

In partial autocorrelation plots (0 + 2/v T) are used as the bounds for determining whether they
are sgnificantly different from zero. Partia autocorreaions are defined and discussed in chapter 6.
These are ussful for determining the number of terms in an AR(p) autoregressve modd that are
needed to adequately represent the data. For example, if the correct modd is AR(2) only the first
two partia autocorreations are Sgnificantly different from zero.
Pre processing by Box-Cox Trandformation and Data Tapering.

Data processing of time series is often made by some preiminary steps to obtain data sets
that conform closgly to the assumptions of time series modds. Some examples are trend removd,
aggregetion or dationarity trandformation.  One danger in this is that spurious relationships and
nonexistent dynamics may be introduced, or important existing relaions or dynamics may be hidden/
removed during preprocessing.  Working(1960) gives an example where averaging over successive
periods introduces a spurious autocorrel ation.

AT+ 22)' 1 =1 if A>0

Box-Cox Transformation ; y; :{gln(yt+ Ap) ifA=0

where \> is a number added to the data before the transformation (usudly A> = 0), g isthe sample
geometric mean of (yt+ \2), A1 governs the strength (power) of the transformation such that when
A1 =1 we smply use the origina data without any transformation. When A\ = 0, thisis the usud
logarithmic trandformation. In generd, the Box-Cox transformation is well defined for yt>0 only,
because we may have problems with negative y; since the logarithm of a negative number is not
defined. Then a modification is to use [sSign(ye)ivt|* — 1]/, which does not have dttractive
properties. For further discussion see Davidson and MacKinnon (1993, ch.14)

Data Tapering: The end points of a time series vector are adjusted by using the Bell-shaped part of
the cosine curve.

Stock and Financia Market Studies



Keynes argued that dl sorts of consderations enter the stock market vauations which may
have little to do with the underlying yidds. Of course, if the markets are working efficiently, one
would expect that the yields not depart too much from the fundamenta values. Congtant requires
returns is an implication of some theories of market efficiency. Ealy dudies surveyed by
Fama(1970) favor the random wak in stock markets, and hence the efficient markets hypothesis.
However, due to low power of datistical tedts there are difficulties in distinguishing the random walk
modd from some dternative specifications. Fama and French(1988) and others have found negative
autocorrelations at 20-year horizons.

Porterba and Summerg(1988) advocate the use of a non-parametric test based on variance
ratios suggested by Osborneg(1959). Theideais that if the returns are uncorrelated through time the
return variance should be proportiond to the return horizon. The test datidtic is that the following
ratio should tend to 1

_ _ Va. (R¢)  va(R!?)
Var. Ratio of horizonk =VR(K) = ———/ —5 — 1 @

where Ry denotes the aggregated retumin t-th month and RK= Y5 Ryj. Thestatistic VR(K) of (1) is
designed for monthly data, and uses one year as the reference horizon in the denominator. Poterba
and Summers express VR(k):Eikzowi’,bi in terms of a weighted sum of sample autocorrdation
coe‘ficients’p\i. Is the smal sample estimate of VR(K) =17 Kendal and Stuart's(1983) result is that
E’,éj: — 1/(T —j), where T is the Size of the sample in the entire data. Hence the expected vaue E|
VR(K)] can be approximated by substituting Ep; in the weighted sum. Since this does not equa 1,
the VR(K) gatidtic is biased in small samples. However, the bias can be smply removed by dividing
the estimated VR(K) by its gpproximate E[ VR(K)].

The following variance ratio test is devised by Cochrane(1988). If y; isa pure random walk,
the variance of the k-th difference, var(yt — yi_x) grows linearly with the difference k. By contrag, if
yt istrend dationary, var(y: — Yi—1) will @pproach a constant. Define the notation oﬁ for (k) times

var(yt — Yi—k). One computes an unbiased edti mate\? of O'E / ai for various vaues of k

N var(yt—Yi—k) - VT Ak1/2
V= kVaf(;/t—gltEl)' (T—Ll) and SE(V)=V [ 57] (3.1

where the T/(T—k+1) term corrects for a smal sample bias, and where SE denotes the asymptotic
standard error of the statistic. In our case, k=1 to 30, since we have T=100 observations for most
countries.  Using certain well known results due to Bartlett from the datistica theory of spectra
egtimation, Cochrane shows that if k/T — 0 as T — oo, the aﬁ is a condgtent estimator of the

gpectral density at zero frequency. Hence, he derives the SE of (3.1) using the known asymptotic

variance of o—E. Cochrane suggests plotting Q and the confidence bounds <\/ — SE, and Q/+SE
agang k. These plots eventudly go to zero as k increases, if the underlying processes are mean

reverting. Unfortunately, most /\\/ plots show rather large confidence intervas as k becomes large.



When k gets large, the number of observations for whom k-th difference can be defined becomes
very smdl. Hence, itisintuitively stands to reason that the variance should increese.

Persistence of Shocksto GNP

The notion of “potentidd GNP in macroeconomics literature is based on the assumption that
there is a trend in the GNP which evolves smoothly over time. Detrending of GNP was common
until recently when researchers have found evidence that shocks to GNP may last forever. If GNP
does revert to a trend it is called mean reverson. More formdly, mean reverson is defined as
negative serid correlation at al leads and lags. The empirical questions are the existence of mean
reverson and the time it takes for it to occur. Cochrane(1988) finds that the mean reverson in log
GNP takes longer than the time it takes to complete a business cycle, i.e, severd years. Let the
errors satisfy a ~ N(0,62). A Linear trend mode is defined by

yt =bg + 8 t+ W where u:?pjat_j (1)

It istrend-gationary if the summation in (1) is a stationary stochastic process.

Exercise Compute the expectation of both sides of (1) to verify that E(y)=bg + St is afunction of
time, and is obvioudy nondationary. Verify that upon detrending what remains is uy which is
dationary by assumption. Generdize this to nonlinear trends. Show that the variance of w is 280

9252
co.

By contrast, arandom wak modd with adrift is defined as.
Ye=0+ yat+a )
This is a nongaionay modd, and [ is cdled the constant drift. Note that we cannot define an
unconditiona expectation E(y) for (2), since each y:depends on y;.;. However, if we assume that
some vaue of y is known, we can condition on that value and compute conditiona expectations and
k-step ahead forecasts. The conditional expectation
E(Vsklyi-1)= KB+Yr1+a+as1+ -+ sk, and a ~ N(0,02) ©)
Note that the shock to GNP is measured by the error term &. If the shock is negeative and given by
&+1=— 1, the GNP at time t+1 will bey; — 1. Attimet+2itisy; —1+a.p ahd soon. Thus, for
the random walk moddl, the — 1 term will remain in the forecast of yi+ forever into the future. By
contrast, the mode (1) is trend-gtationary, and the 6 coefficients will be such that the effect of a
negative shock in GNP at time t+1 will eventualy completely die down. For (1), yi+k Will completdy
revert to the trend line. Thus the modes (1) and (2) are two extremes according to Campbell and
Mankiw'g(1987) interpretation.

One unit shock to the GNP affects the long term forecasts of GNP by exactly one unit
according to the random walk model (2), and by zero according to the trend-stationary modd (1).
Of course, the empirica redity may be somewhere in between the two extremes of zero and unity,
and may mean a mixture of both (1) and (2). Statistical testing seems to be unable to resolve the
issue, due to the limited power of the asymptotic unit root tests. One can modd a given shock to a
time series as conggting of two components: (i) permanent component arising from the random walk,




and (ii) atrangtory component represented by a Sationary process. |If the first component is small
relative to the second, one may use the trend-stationary model (1) in practica work.

In another interpretation, one considers the variance of the random wak component. From
(3) it isclear that the variance of the k-th difference

Var(yisk — Vi) = Var(as1) + Va(au)+ - -+Va(ask) = ko? (@)

The variance of yr around thelineer trend in (1) is constant which equals 0?X.5° 9j2. From (1)

Yirk = bo + B (t+K) + Uk, where = 357 6jagk:j ®)
From (1) and (5)
Yerk — Yt = B K+ Uk — Uy where bk — e = E° 0j(@kj — &) (6)

Hence the variance of the k-th difference for the modd (1) can be obtained from (6) as.

Var(yis — %) =Va(Ue — ) = 57 0B @i — a)” =255 0707 (7)
which aso tends to a constant. We have noted earlier that the empirical redity may be a mixture
mode having both (1) and (2). We are interested in the long term behavior of the mixture moddl.
Hence we consder the limits of (4) and (7) ask — oo. From (4) it is obvious that we must divide
by k to have afinite limit. Thelimit of theratio Var(yi+k — Yt )/k from the random walk modd of (4)
iso2. A comparable limit from the trend-stationary model based on (7) tends to zero, becauise of the
divison by the k. The limiting constant in (4) is o2, which is also the variance of the first difference,
Var(y1 — Yt). Thus, from (4)

|T<mlt - (1/K) [Var(yesk — yt)/Var(ys1 — yt)] = 1 (for Random Walk) (8)

Fortunately, the find right hand sde of (7) can dso bewritten asVar(yi+1 — yt). Hence,
IRim't (1/K) [Var(yt+k — Yt)/Va(yw1 — y)] = 0 (for Trend-stationary) ©)
— OO

In a mixture of the two models, the limit may be somewhere in between 0 and 1. Cochrane (1988)
suggests aplot of [Var(yk — Yt Y K] / Var(y+1 — i) againgt k to seeif it tendsto 1 or zero. More
specificdly, he suggests plotting the datistic

o varyt—VYik) T —_\y [4k112
Vk= TraGryey moen ad SE= Vi3] (10)

where the T/(T—k+1) term corrects for a smdl sample bias, and where SE denotes the asymptotic
standard error of the statistic.

Difference Equations and Stochastic Difference Equations.

Difference equations are smilar to differentid equations and can be written if a form involving the
difference operator defined by Ayt = yt — Y1, Where atime series yt hast defined on the index st



T7={---—2-1,012,---}. The Ay, is cdled the “fird" difference. Second difference is defined by
A2y =(1— L)% =1 — 2L + L9y =y — 2yi_1+Yi_p, Which uses the identity A = (1 — L)
between the difference operator and the lag operator. In general, AP = (1 — L)P will obvioudy
involve the Binomid coefficients. Since the presence of A aso leads to the presence of lagged terms,
typica difference equations are stated in terms of lagged rather than A terms.

Linear Difference Equetions.

Definition LDE(p) ; It is convenient to define the pt" order (ordinary) linear difference equation as
follows.

Yt — O1Ye-1 — Y2 — - — PpYep = & 1)
where p < t <oo, where the coefficients ¢; are assumed to be constant, and where &is caled an
input function or aforcing function.

The homogeneous form of the difference equation is defined by setting & = 0, yidding
Yt — ¢1Ye-1 — ¢2¥ -2 — - — PpYt—p = 0. )

The solution of the homogeneous form: This is obtained by first writing (2) in terms of the so-cdlled
characteristic polynomia in L , the lag operator written with (L = z°1):

(L — d1b —gol? = - = gplP)yk = 0 = (2 — 12— 622 — - — 9p) V)
We define the roots ), i=1,2,---, p of the (autoregressive) polynomid ¢(z) or ¢(L) by writing
(1 —-AMb)@ = 2L)@ = Asb)--- A = Apb)yt = 0 = (2= A)(Z— A2)(Z— A3)--(z— Ap) W(4)
The solution will contain the \; values and the starting vaue at t=0 to be yy. For clarity of exposition
let usfirg assume p=1, yielding afirst order homogeneous difference equation: yt — ¢1yi—1 = 0. At
t=1, we have y1 = ¢1yp. At t=2, we have yr = ¢1y1 = ¢1(P1Y0) = gbiyo. Smilaly a t=3 we
have y3 = qbfyo. In generd the solution of the first order homogeneous difference equation is
Yt = ¢}Yo.
What is a solution? This is cdled a solution because it evauates y; from the two assumed known
quantities ¢1 and yp. The solutions are a way of learning about the dynamics of the system, since
they give a vdue of y; for any t. In the case of stochagtic difference equations discussed later, the
solution involves Green's function values G; as weights on lagged errors.

Firs Order Homogeneous Difference Equation: Note that the polynomia (3) with p=1 for our first
order equation is. (1 — ¢1L) yt = 0. This makes it obvious that the root of the autoregressive (AR)
characterigtic polynomid in z=L"1is\; = ¢1. Inthe solution y; = gbtlyo we raise the root ¢1 to
the power t. If tislarge and |p1| > 1, it is clear that when such a ¢4 israised to alarge power, qbtl
term may become a very large podtive or negative number depending on the sign of ¢1. Thus, if |¢1]
>1, the solution | yt| — oo ast — oo, where we have used the absolute vaue of yibecauseits Sign
will depend on the Sgn of the garting value yg, which may be negetive.

Exercise: Veify that any negative sarting vaue of yg will lead to ostillatory behavior with changing
ggns of successve v.

By contrad,, if 1] < 1, afraction, it will become smaler and smdler asit israised to ahigher
power. Thenthe solution |yt| — Oast — oo if [p1|< 1. Fndly,if |p1|= 1, rasing it to any power
makes no difference, and the solution is yt =ygast — oo if 1 = landyt = —ypast — o if



¢1= — 1. Itiscustomary to describe the roots larger than 1 as being outside the unit circle, roots
smadller than 1 as being ingde the unit circle, and the roots equd to 1 as being on the unit circle. The
dynamic sysem whose solution || — oo ast — oo is cdled ungable or non-gationary, and if
Ivt| — O, it is caled stable or Sationary. When ¢1 = 1, itiscdled arandomwak modd. Sincethis
has considerable importance in econometrics it is discussed separately. For the random walk model
the solution yt = a+a_1+a_o- - -, is such that the random shocks accumulate indefinitely. It can be
shown that its Green's function is unity, that is the memory islong and congtant, and the process never
dies out. The solutions of higher order homogeneous difference equations are anadogous, having
somewhat complicated expressons involving dl )\ roots of the characteristic polynomid in z defined
abovein (3).

Now, let us congder the fird order non-homogeneous case vt — ¢1y1—1 = A, where
a = A for dl t. Thisis cdled non-homogeneous because A # 0. At t=1, we have y1 = ¢1yp+A.
At t=2, we have yo = ¢1y1tA = d1(d1YotA)+A = ¢ y0+qz51A+A Smilaly a t=3 we have

y3 = $3 1Yotp 2A+¢ 1A+A. In generd the solution of the first order non-homogeneous difference
equation is

—¢! .
= oL yorA () ifoy#1,and ®
Yt = Yo+At if p1 = 1. (6)
Thisis cdled a solution because it evduates yt from the three assumed known quantities ¢4, A and

Yo- In deriving the above formula we have assumed that the input & = A fordlt. If weleta bea
function of time t, and substituteat vauesat t=1,2,3,- - -for A, we get the following solution.

1 Yo + 23251 & j (7)
The contribution of yq to the solution remains bounded as long as |¢4|< 1.

Second Order Non-homogeneous Difference Equation and Business Cycles:

Samuelson (1939) applied second order difference equations to explain the business cycles
as follows. The accderator principle states that the investment (It) is dependent on the changes in
income rather than the level of income: It = by(Yi_1 — Yi_2). Consumption (Ct) depends on the
past income by the first order non homogeneous equation Cy = boY_1+bs. and the accounting
identity: Y¢=Ci+lt.  Subdituting the firg two equdions in this identity, we have

=b1(Yi_1 — Yi2) + boY_1+ b3. For cetan vaues of b; when the roots of the characterigtic
polynomid areimaginary, this second order equation can be shown to lead to oscillation isincome.

Stochadtic difference eguations;

So far, we have considered the ordinary (nonstochastic) difference equations. The stochastic
difference equations are characterized by the fact that the input function & of the difference equation
is awhite noise random variable with zero mean and variance o2, thet is

a ~ N(0,0°) for dl t. Notethat E(aaj) = O, foral j # 0.




Firg Order AR(1) Stochadtic difference equations (homog. driftless):

Congder the first order autoregressve model denoted by AR(1) and defined by the
stochadtic difference equation for yt measured from the mean, i.e, Eyt = 0.
Vi—dy1 =0 —o¢L)yt = &, Wherea~N(0,0%) and |¢]< 1 (1)
In a higher order autoregressive model ¢ has subscripts 1, 2 etc. Now the solution may be obtained
by the brute force method of subgtitution similar to the one above, and it is dso obtained by a formal
divison of both sdes of the equation by the characteristic polynomia

ye=(1- oLy ta = fﬁj B =J_§;s,- aj (Where Go=1) )

and where the coefficients G; are caled Green's functions, Miller (1968). A random shock at time
t —J gets multiplied by the weight Gj suggesting that the Green's function measures the extent to
which the system remembers a random shock. Hence, Gy may be used to represent the memory of
the dynamic system. It isinteresting to note that Green's function can be regarded as an “orthogona
decomposition” of yt fird proved by the econometrician H. Wold (1938). To visudize the
orthogondity imagine infinite dimensond space with axes marked &, &_1,--- dong which we have
the orthogona (independent) random inputs, and yt is a vector through the origin.

For future reference we note that the solution of the first order difference equation (1) arisng
from AR(1) model having one root (=¢) of the characteristic polynomid is given by Gj = gbj. Note
that (2) may be viewed as an MA(co) representation of the AR(1) modd. This avoids explicit
datement of initid conditions.  The coefficients G; are dso interpreted as impulse response
coefficients, dy;/0a;_;, measuring the effect of a unit perturbation (impulse) &_;on y; or
equivdently the effect of g ony;; ;. (See Hamilton, pp. 5-10). The impulse is shown by a vertica
bar of height 1, a purely trangtory (short lived) change and the path of output is given by G; which
will show a decay when |p|<1. The cumulative impulse response measures the long-run effect of the
change in & as ¢p+¢2+---=1/(1 — ¢). This should not be confused with step-response, where the
change or the perturbation a; is not trangtory, but long-lived.

Comments on Mean Reversion in the context of First order difference equation:

How can we use the solution of first order difference equation in Economics? From the underlying
economic variable (GNP) yt it is customary to consder the firgt difference of logs of y; as the time
seriesfor growth. The growth rate u=Inyt— In yi_1, or (Yt/Yi—1)= exp(W).

Definition 1: Mean reverson is defined by yt — 'y, a condant in equilibrium, ast — oco. Then,
(Vt/Yi—1)= (V/Y)=1= exp(u), and mean reverson implies zero growth rate, thet is. it — O.

Definition 2: Trend reverson is defined by the series reverting to a (Ilong term) trend (function of time
and congtants) yt — g(t) in equilibrium, ast — oco. To study the implications of trend reverson on
the growth rate u; we consider two cases.



(i) Assuming that g (t), the j-th derivative of g(t) evaluated it the limiting value t=cc is finite, we can
apply L'Hopita's rule to evaluate the limit(yt /yi_1)= [0/ (t) /g’ (t=1)] =1= exp(u). For example, let yt
exhibit a linear trend in the limit, g(f)=atbt. Since (yt/yi—1) — (00 /o0), we evduate this by using
the fact that the first derivative gl(t)=b is a constant for al t. Hence (vt /Yi-1) — (b/b)=1. Thus,
trend reverson of yt to a linear trend implies that the asymptotic (exponentid) growth is zero,
u — 0. More generdly, limiting vadue of (yt/yt—1) for polynomid and/or sinusoidd trends dso
experience asmilar cancellation.

(i) If the trend function g(t) is exponentid, then trend reverson can have nonzero u; ast — oo. For
example, if g(t)=exp(atbt), then (vt /yi—1)=exp(b) and u — b.

Trend reverson of GNP is sometimes thought in terms of the GNP returning to a linear,
polynomid or snusoidd growth path after assmilating al shocks. We have shown that such paths
asymptoticdly imply zero asymptotic growth rate. Our figures in the following section will show that
U — Oisavery strong condition, which is difficult to satisfy in practice. When the macro economigts
refer to mean reversion, they do not mean reversion to y in the sense of y¢ — y of definition 1. Our
definition 2 of trend reversion, and the discussion of the case (i) above shows that by mean reversion
the macro economigts cannot imply reverson to alinear, polynomid or certain snusoidal trends. This
reveals a second ambiguity in the literature. When various authors discuss mean reverson for y
(GNP in equilibrium) we shdl show that they are dmaost never thinking of mean reverson in the sense
of definition 1 or definition 2(i). The modd of the following section discuses AR(1) and AR(2)
models for growth rates u to derive limiting vaues for finite horizons. 1t shows with graphics that
“exponentia trend reverson” not “mean reverson” is a more accurate description of the underlying
growth process.

Definition 3: Poterba and Summers (JFinEco, 1988,p27)
Mean reverson requires negative serid corrdation a some frequency. This is perhagps the most
religble definition.

The Model and Results for Finite Horizons
Let us congder the AR(1) model defined by:

U=a+d L +e @)
which can be written in terms of the lag operator L as. (1-¢L) ik = o + €, leading to
W=[a/(1-¢L)] +[1/(1—9L)] e @)
or sum of two components: _ .
w=aX5e + B¢ a )

Given that |¢|<1, whent — oo thefirs summation tendsto «/(1—¢).

Reault 1. For finite samples, given that the shocks et are independent and identicaly distributed (iid)
with zero mean, we have state-dependent growth of y; since the contribution of the second term of
(3) is not dways zero. In the unit root case, =1 and u=at+ Z};é €j, and the growth rates u; are
not only state-dependent, but can increase indefinitely with t when the drift o #~ 0.



Proof: If the shocks et are zero mean iid, we know from the familiar Satigticd results (laws of large
numbers and centra limit theorems) that the sample mean (1/T)EiT:61 et—j Will have zero mean as

long as T>30. However, since (3) has a weighted sum of shocks with weights depending on the
powers of the root ¢, we cannot invoke the LLN. Infact, if ¢ > 1itisclear that the second term
will remain nonzero even if the drift is zero.

Since AR(1) modd isimportant in econometrics, we discuss further properties of the model.

Variance and Autocovariance for the AR(1):

Now we turn to the autocovariance vk = E(ytY;—k) of order k, which is the numerator of the
autocorrelation coefficient pj %th k—%;v:smply have the variance g defined as follows.

Y= EK) Vaj

—E a+¢at 1+¢% ap- ) (@+oala+o? ap )

0= E[a) (a+pa 1+ ap ) +oa1(a+oaflaté? a o -)Fo? a—a(a+pa 1t¢® a o )
=2+ ¢%0?% + 02 + .- [Usng E(ara—j) = Owhenj # 0; and that E(a2) = o2 for dll t]
Using the geometric series (1—52) = 1+z+72+- .- for z= ¢2 we have

7 = _1¢2 2 (3)

To evauae y, we use (2) to write

ek = (1 — oLy ey = j@;;ﬂ Ak =j§;3j ajk (where Go=1) 4

From (2) and (4) we write

= EMtyrk)= Eﬁi & %;bj Ak

Hence,
w = E [a+¢ac_1+¢2 a2 )@ ko k6% & ko )

= E{&)(at—k+¢3¢—k—1+¢2 k2 ") +Pat (AP k_1FD° Ak—2" ")

+¢? a_o(@k+pak1+0% Ak 2 -)}
For k=1 we have:
v1 = 0+ pa? + ¢302 + -+ = P, using (3), and the geometric series used there.



To derive an expression for alarger k (>1) it is convenient to write these results in terms of
the Kronecker ddta function— not to be confused with the Kronecker product of
meatrices — defined below.

1, if t=t'

E@a) =6y 0% withéy = {o if t At ©)

Déta function can be used when multiplying two infinite sums above, because the nonzero terms
occur only when the subscripts of aare equa to each other.

W= EMyx)= ELigﬁi i @j 3t—j—k” =;§¢H Bt k0

Now one infinite sum can be eiminated by choosing the subscripts as follows. We require t — i

=t —j — k, which implies that —i= —j—Kk, tha is i=]j+k, which dlows us to replace
bt—itj—k = Lwheni = j+k. Thus
_ 2+k 2 _ 2 i _ 2.k |_1
e = oA = 2ok B =k | ©

using the geometric series. The autogorrelation coefficient is

Pk = W ATOT0 = /70 ()
Exercise: Use (3) and (5) to evauate py for the AR(1) model, where 2(1 — ¢2)~1 cancels, to show
that

pk = o* for AR(D) (8)

Exercise: Show that yx=-k, the autocovariance function is aso meaningful for negative vaues of k.
Show that the k in the last equation of (6) should be replaced by |k| to accommodate the negative k
vaues.

Autocovariance Generating Function (AGF)

Since macroeconomics texts (eg. Sargent) refer to AGFs, it is useful to review them in the
present context, since they give us an opportunity to offer a like with the Green's function coefficients
G; noted above. This concept requires some familiarity with complex numbers and Laurent
expansons. Nerlove, et d (1979, p.38) and Sargent(1979. p.221) are some of the econometric
references. Box and Jenking(1970, p.81) is a statistical reference. Hamilton (1994, p.61) describes
AGF's as a function congtructed by taking k-th autocovariance and multiplying it by k-th power of
some (complex) number z and summing it over dl possble vaues of k. Define:

AGF(2) = :%jo W

where negative powers and subscripts are involved. Thus AGF is smply a doubly infinite sum of a
covariance times Z¢, where z is acomplex variable and k is the order of thelag. One may dso think
of z itsdlf as the familiar L the lag operator. In some contexts, one uses z=L.~! and this should not
cause confuson. Using (6) defined for both negative and positive vaues of k we try to get rid of the



infinite sum by usng a geometric progresson in four seps (9a) to (9d). The following infinite sums
converge on the unit cirde and in an annulus region around it : |p|< [z] <1/ p|.

AGF(2) = :go;o X :k:_; o2pM % X = 1327 1¢ZJ}: Iz (%)

To verify the lagt equdity use X( — oo td 00)=X( — co to 1)+X(1 to|oo) and j= — k. Toremove
the remaining infinite sum we take out the-common term with j=1 asfollgws.

- o2 [1 0z | _ 2 L _
AGHZ) = 177 E_¢z+ 1ozT |~ 7 (1921 ¢zT) )

where the bracketed first term gets a (1 — ¢2) in the numerajor which cancels.

For aone-sided MA (co) progess, Yt =_O%9 a.j, the-autocovariances are:
J:
W= E(yth+k)=E$Gj+kat-jat-j-k :

where the expectation E(g g)= o2 only when the subscriptsi = j, and is zero otherwise. Thus
K = 02 jo—%:Gj Gj+k may be substituted in the definition of AGF to yield

AGF(2) = af:_%i%pj Gk = 022;%9 GjkZ= azrif;gq GpZ™ (90)

To verify the second equality use G0 when j< 0. To verify the third equdity use h=j+k, k=h-j.

AGF(z) = aiz;%g;j Gy 2" :ai%gaj zglgphzh:aZG(z)G(z'l) (9d)

where the particular case (9b) reveds what is meant by the function G(z1). The last equdlity is
sometimes called canonical factorization. Thus z=cog(w)H Sn(w)=exp(—w) wherei=v (-1) and w is
the radian angle that z makes with the red axis.

Relation between AGF and spectra analyss.

The AGF is fundamenta in time series andyss for various reasons. If the AGF is evauated a the
z=exp(-Hw) and divided by 27, the resulting function of w is caled the population spectrum
Sy (w)=(1/27)AGF. If autocovariances are absolutely summable, and if two process have common
AGF, then they will dso have identical autocovariances. Thisiswhy it isageneraing function.

Examples of AGF for MA processes. Recdl that the only nonzero autocovariances are v.1;y o771
Hence the infinite sum only has 3 terms with powers of z equa to the subscripts of .
AGF(for MA(1))=002Z1+(1+62)52P+0 0% z=c2[ (1+0Z)(1+0 Z1)]. More generdlly, for the MA(co)




process, Y= p + G(L)et, where G(L)=Gg+G1L+GyZ%+- - - isan infinite polynomia. Now,
AGF(for MA(c0)) =02G(2)G(z1). Thisisa powerful result because ARMA processes can often be
written as MA(co) processes by Wold's theorem. AGF(for AR(1)) is 02/[(1-¢2)(1—$Z )]

Stationarity of AR(1) :

Now we turn to checking the gationarity of the AR(1) model. For a stochastic processto be
weskly stationary — aso caled covariance ationary — recal that there are three requirements: (i)
E(yt) = p <oo for dl t, and is not a function of t. (ii) E(yt — )2 < oo for dl t, and is not afunction
of t, and (iii) E(yt — )Ytk — ) = "k < oo for dl t, and is not a function of t. For the AR(1)
mode the variance g from (3) is o2(1+p%+¢*+ - ), where the infinite series in ¢2 will be finite, if
and only if |pl<1. Thisgationarity condition will dso ensure the finiteness of .

If the parameters of an ARMA process are known and if the polynomia (L) on the AR
Sde and the polynomid ©(L) on the MA side have no roots in common, one can easly check if the
ARMA process is dationary as follows. The roots of the (L) must lie outsde the unit circle. eg.
theroot of 1 — oL =0is L=1/¢. Hence requiring ¢ to be fractiond is the same as requiring the
root to be larger than unity, or outside the unit circle.

AGF and the Power Spectrum

Some econometricians introduce the idea of a power spectrum by using the relationship
between the complex number z and the familiar lag operator. Nerlove(1979, App. C) gives a
thorough discussion of the related materid. Here we state some facts for convenience of the reader,
and not attempt a complete discussion.  When we substitute z=e'2™ we obtain half the power
gpectrum at frequency 0 < f < 1/2. Thus the power spectrum of the generd moving average process
MA(oc0) is

p(f)=202G(2)G(z1)=252G(e2™ )G (2= 252 |G(€27T)|2 (9d)

The spectrdl density function sdf(w)=(c?/27) G(E¥)G(€™) is a Fourier transform of the
autocovariance function. It is proportiond to the AGF defined on the unit circle. It is dways red
even though AGF involves complex numbers. The integrd of sdf from -7 to 7 isthe variance of the
process. In ausud densty function the area under the dengity represents a probability. By anaogy,
the area under a spectra dendity represents the part of the totd variance attributed to the range
represented by the corresponding angular frequencies.

Autocorrdations saisfy the Homogeneous form of the rdlevant Difference Equation

We note an interesting fact that the autocorreation coefficients pi satisfy the homogeneous
form of the difference equation (1), viz, yi = @Y1 If wereplaceyiby px and define pg = 1. We
have shown in (8) abovethat px = gzﬁk. Hence dl we haveto do isto verify

pk = dpka = p(P* pg = oK (10)



We shdl see that this generalizes to higher order processes, and equations smilar to (10) are cdled
Y uleWaker equations.

Business Cycles and the AR(2) Framework
Since macroeconomic business cycles are related to the AR(2) modd, it is useful to study the AR(2)
model in detall. We shdl see that the complex number solution is particularly relevant.

Stochadtic Difference Equation of the AR(2) Modd:
Congder the AR(2) model

Yt — P1Yi-1 — P2 = & «y
Its characterigtic polynomia
(1 1k — ¢ol?) =@ = ML)(L - Aol) = { —[a+dal L+ Apol? 2
where the roots satisfy two relations:
Artdo = ¢1, and Mo = — @2 €©)

The roots of the quadratic are known explicitly by the formula

M, A2 = 31+

(4)
which are both red if the square root term in the aoove expression ( qbi + 4 o) > 0, otherwise they
are complex conjugate to be discussed later. When they are red, the solution of AR(2) is obtained

by dividing both sSdes of (1) by the characteristic polynomid (2). Then we have:

_ 1 _ A B
W= ToananD &= TaD @ YT @ (5)

where A and B are obtained below by the method of partid fractions. When A\ and Ao are rea
numbers, the method of partia fractions involves following seps. To get A we solve the denominator
(1 — ML) =0, toyidd L =1/A1. Now subdtitute this L in the long denominator of (5). Thet is,
(1= ML) = A2L)=(L = AAHA = A2AH=(0)(1 — A2A7). which is taken to be (1 — A2\;Y)
upon ignoring the zero multiplier. Smilarly for B. We have:
A=[1-(2/M)] andB=[1- (/3™ (58)

To verify (58) obtained by ignoring zeros it suffices to see that the numerators of expressions on the
left hand and the right hand side of the last equa sign in (5) are identicd. Upon smplification the
question becomes:
12 A@— DoLPB(L — ML) = (A1 — A2 AL — AoL)+2 — A Ao — Agl)

=(\ — AZ)—1£1 — DA — @ = MDA]= (01 — M) I\ — A2) = 1, hence (5a) holds.d

In numerica problemsit is easy to writethe partia fractions. For example.

A = 5965 T a5 = w5 T e (6)

where dl we have done is to subgtitute the solution x = 5 in the first denominator, except when it
becomes zero; and x = 4 in the second denominator, except when the term becomes zero.



Real Number Solution of the Stochastic AR(2) Difference Equation:

We use the partid fractions to write the second order problem as a sum of two AR(1)
problems in (5). Hence to write the solution for the second order dynamics represented by the
dochadtic difference equation arising from the AR(2) modd, we recall the solution (2) of 86.2.1 for
the AR(2) in terms of its root ¢1. Now, the solution for y; is given by a sum of two infinite series
from (5).

Vi :A{+A1L+Af|_2+--- a +B{+)\2L+)\§L2+--- & :,-Z%GJ A ()

Hence in tems of Green's functior, Gi=A A + B AL A=[1— (/A and B=
[1—(\1/ A2)]~1 when the roots A1 and )\, arereal numbers. If the roots satisfy |\ 1| < 1, and [Ag| <
1 the solution is stable, since the effect of past errors &_j isweighted by a smaller and smaler number
as ] increases. A plot of G pgangt j will show a sum of two declining curves, representing the
dynamic memory of the system.

Complex Number Solution of the Stochastic AR(2) Difference Equation:

When the roots given in (4) of the AR(2) polynomid in (2) are imaginary, because
(q§§+4¢2)< 0, they are complex conjugate, and the coefficients A and B in the expression for G are

aso complex conjugate. If the reader is familiar with equation (10) below, the dementary discussion
between here and (10) may be skipped.

Let us review the use of the imaginary number \~ 1 = ¢ for convenience of sudents. Any
complex number can be written as C = X+Y+¢, which is usudly represented by a vector (X,Y) ina
two dimensond space. The horizonta coordinate X represents the red part and the vertical
coordinate Y represents the imaginary part. The modulus of a complex number |C| is its length. A
companion of acomplex number C = X — Y3, iscaled its complex conjugate.

Exercise What is the length of the vector C? Verify that |CJ2 = X2+Y2 by the Pythagorous
Theorem. Plot C and C vectors for X =2, Y =1 and verify that C is directly under C.
Geometricdly show the product of two vectors using the paradldogram, and note that it will land on
the horizonta axis at the squared distance

C C = (X+Yi)(X — Yi) = X?+XYi — XYi — Y2i%2 = X2+Y2 = |C].

The complex roots, epecidly in ther polar form are useful in Time Series andyss for
representing cyclica behavior of the series. The polar coordinates have two parts: the amplitude («)
and the phase angle (1), and there is a smple, unique, one-to-one mapping of the coordinates (X,Y)
to (av,10), when the angle is regtricted to the half open interva [0,27) in radians or to [0°,360°) in
degrees.
C = a(cosy + i SmyY), o = |C| and ¢ = tam* % — arg(C) )
where the notation arg represents the argument of the complex pumber or the phase angle. In the
mapping (X,Y) — (a,1), we dso have X =« cosyy and Y =« Sy, respectively the rea and



imaginary coordinates of the complex number C. Recdl that the sine function is periodic in the sense
that it has the same vaue after every interva of 360°. In other words, SN0 = sin 360° = sink2r,
for any integer k. Similarly the cosne function is periodic. Hence, it is intuitively dear that the
complex numbers may be useful for representing periodic or cyclica behavior of time series. If we
permit ¢)=27=360° we lose uniqueness of the mapping (X,Y) — («,1)), because 1=360° cannot be
disinguished from =0°. Losing uniqueness is actualy a good thing, because the same complex
number C represents a new cycle starting at 1/=360° and ending a 720°, that isin theinterval 1 €
[27,47). Yet another cycle has € [4m,67). Ingenerd, ¢ € [krr, km+27) for an arbitrary integer
multiple k, which can be negtive.

The trigonometric and exponentia functions are also represented as power series:

3 5 2 4 2
g'nw:w — ﬁ_l+1é_' — e COS’tb:l — zé_l-'-lﬁ_l _...+...,andexp¢:]_+¢+ 15_!+...+(9)

Exercise Expand exp(vi) by the above formula, subgtitute ¢ = \~ 1, and use the power series for
gne and cosine to write exp(yi) = cos v + i In. Henceverify that C = X+Yi = o exp(yi), with
X=a cosyp, and Y=« dm) as before. Smilaly show that the complex conjugate
C=X— Yi=aexp(— ).

Now we turn to the roots of the quadratic polynomia (1 — ¢1L — ¢,L2)

)\1,)\2:%%11 =X=+ Yi= aexp(+i) (10)

which are complex conjugate when ( ¢>i + 4 ¢2)< Qinthe present case. From the second equality of

(10), note that

X =(1/2p1andY = (1/2)[ — (¢% + 4 $2)]2 (108)
which arethe X and Y coordinates. In defining Y we have moved the negative Sgn indde the square
root sgn because — (qﬁ% + 4 ¢2)>0, and its square root can be evaluated. Since \; = X+ Yi ad
A2 = X — Yi thar sum A+A2 = ¢1, and their product A2 = — ¢ ae gill red numbers, as
they should be for subgtitution in the expression for the polynomia. Now evauate the absolute vaue
of each of the two roots, and note that they are identical to each other. We have the squared
amplitude o2 = ]\1[2 = X2+Y2. In terms of the coefficients ¢ we have the following remarkable
result:

a= ¢2/4 — (1/8)(0F +4d2) = — b2 =M1 ). (10b)

Now what is the phase angle ¢ in terms of ¢ and ¢»? One way to find v might be to use
the usua formulas for polar coordinates in (8), write ¢ = tar (Y /X) and use (108). Since the
expression for Y in (108) is somewhat complicated, we can avoid using it by considering cos ) =
(adjacent side)/ hypotenuse = X /(X2+Y2)Y2=X /.. Hence from (10a) and (10b) we have:

o101 ] el [QatA)
1 = COS e = COS Oy (12)




Exercise Plot the above roots (10) in polar coordinate system. First draw the vector C=(X,Y) from
the origin with X=2 and Y=1. Veify that the angle ¢/ of the vector C with the horizonta axis satisfies
the above rdlation (11).

Now we turn to the solution of the sochadtic difference equation. In terms of Green's function,

G =AM +A N, = exp(si) o expli) +u exp( — si)ale( — jui)

= o [ei(éﬂib) +e )] = 10 cos(5+jy) (12)
where we have denoted the second coefficient by A=y exp( — 6i), because it is a complex
conjugate of A=p exp(éi) , having p=amplitude and é=phase angle for the polar form of the
coefficients. Thus it can be verified that a plot of Gj againgt | is a damped cosine wave when AR(2)
model has complex roots which satisfy @ [A1| < 1, and |A2| < 1. The damping implies eventud dying
of the memory, and the cosine wave captures the cyclica behavior. In the complex plane we require
the roots to be insde the unit disk.

Stationarity conditions on the autoregressive parameters ¢ inthe AR(2) Modd!:

The dationarity condition |\1| < 1, and |\»| < 1 and the relations (3) and (10) connecting
them with ¢1 and ¢» mean the fallowing.

@ -2 < ¢ <2fori=l2. (0)lg2[<1l.  (0) gotdr<l.  (d) d2—¢1<l. (13

Exercise Should we use the absolute vaues |¢2| and |¢1] in (c) and (d) in (13) above? Draw a
triangular figure and indicate the stable regions satisfying the conditions (a) to (d) above.

Autocovariances for the Stochagtic AR(2)

In the section for AR(1) mode the equation ?5) defined the v = E(ytyi«) = 925';70, and

?10) stated the Yule-Walker equations. Let us now find analogous results for the second order
case. If theroots A1 and )\ of the autoregressive polynomid arered, recdl that the solution is

Y= ¥Gj a Wih G =A M+BAA=[1- O/ and B =[1— (/2 (14)
J:

T = EMtyr«) = EiE?Siat—i > Giaj« :.G:ge' G bt tjko? (15)

where the Kronecker delta mentionegl earlier has|the defining property that: ok m = 1 if k=m, and
ok m = O otherwise. Hence the only ronzero terms are the ones with the two subscripts of 6 equd to
each other; that is only when:
t—i=t—j—kor —i= —j—kor i=j+k (16)
Hence one of the summations can be diminated if i isreplaced by j+k. Thus
— 2 . ' 1
Tk o jo:%: G+ G 17)




If k=0 we have

2 j Iy2
= AN +BA 18
0= 0’ TANTBXY) (18)
for A and B in (14). Ingenerd,
= o2 AN +BA)A A B A 19
W= OTEAN FBRIAN T +BAT) (19)

Thus we note that an explicit expression for the autocovariances is available. There is an interesting
dterndive derivation of ~¢ based on (1) written as Yt = ¢1Yi_1t¢2Yt2+ &. Now multiply both
sides by yi« toyidd ik Yt = d1Yi-k Yi-1t02Yik Yi-2t a&Yi—k- Now take expectation of both
ddesto give

Tk = EMtYik) = E(@1Yr-1Yt—kto2 YikYi—2t Vikd) = d17k-1rP2n—2tE@Yik) (20

where we use & ~ N(0,62), E(acam) = 5k,mo—2, (with 6k m = 0ifk # m, and 6k ;m = 1 if k=m), and
Symmetric autocovariances
W = Etyi—k) = EQ—kYt) = EMtYrek) = 7 - (21)

To evauate the last term of (20) let us condder &_; instead of a*future reference, and evauate
expectations in terms of Green's function smilar to (15) .

_ o . Y ¢=0ifk>]
E@ytk) =E a4 [> Gaj«|= JfZGJ E( aa+) = {:G_koz k< (22)

Exercise: Verify the last equdity of (22). |Note that only nonzero expectation ( = o) obtains when
t—l=t—)—k thaiswhenl =j+k, thatiswhenj =1 — k. Hence check the subscript of last G
in (22). Next, apply (22) to verify that the last term of (20) is zero ji.e, E(ayix)=0. In (22) let
|=0, and note that k > 1 . i

If k=0, we have
70 = 171 + p272 + 0 (since Go=1, by definition) (23)
For k=1,
11 = 170+ d2m (24)
For k=2,
Y2 = ¢171t $270 (29)

The raions (24) and (25) will be used below in deriving Y ule-Walker rdations of the AR(2) modd.
For k>2,

K = P1%k-1+ P2 %2 (26)

Thus, for k > 2 the autocovariances are seen to satisfy the same difference equation (1) asy: This
suggests that one can understand the behavior of the origina series yby studying the behavior of the
autocovariances vk. For example, the roots A1 and \» of the AR(2) model studied above can then
be directly used to solve the difference equation (26) for ¢ with asolution smilar to (14) or (12).



K :j@%@j A WithGj =AM +B A, A=[1— (/M) and B =[1— (\/ )] (27)
if theroots areredl. I the roots are complex conjugate asin (10), we replace G by
G = AN + AN = 1 exp(si) ol exp(iui) +u exp( — si)adexp( — jui) (28)

Yule Walker Relations to get ¢; from p; :

Let us divide (24) and (25) by ~p to write them in terms of correations insead of
covariances.

p1L = ¢1p0 + 9201 (29)

p2 = ¢1p1+ 200 (30)
with pg=1. In matrix notation (29) and (30) become:

1 (1 p1] 1]
Ez _L 1 !bz (3D

which can be solved by the usud methods to olytain ¢ @nd ¢ — the autoregressive parameters — in
terms of the autocorreation coeffigients pq anfl po. It|is somewhat ingructive to use the Cramer's
rule to obtain the so called Y ule-Walker relatiol -

1 m

_1P1 P 2
®1 o 1 ;1 (,01 plPZ)/( pl) ( )
1 m 1 m 2
= - = — 1- 33
2=, o 1| = (2= p1p2)/@—pi) (33

For higher order AR(p) models Y ule-Walker relations use ratios of higher order determinants.

Partial Autocorreation Function (PACF)

In addition to autocovariances and autocorrdations, PACF are important in time series
andysis for various reasons. For example, in the Box-Jenkins methodology noted later, ACF and
PACF together help decide the order of the AR and MA polynomias of an ARMA process. PACF
are d o related to the fractiondly integrated (long-memory) processes, Smilar to unit root processes.
When we consider higher order autoregressive models AR(1), AR(2)...., AR(p) where do we stop ?
This is dmilar to the problem of deciding when to sop when adding regressors in a multiple
regression, and does not have a clear cut solution. There are statistical tests and other considerations
including parsmony. In the methodology popularized by Box and Jenkins (1970) partid
autocorrelation functions are used to help choose the p of the AR(p). The usud partid correlation
coefficient of y on x1 holding xo fixed is defined by the following formula:




fyi—Ty2r2 -C
y y _ 12 (34)

yr2 = =
T Jegegy Vot

where Cj; denotes the cofactor [determinant of the submatrix when i-th row and j-th column are

moved out, multiplied by (<1)*)] of (i) th dement of a3 x 3 matrix of correlation coefficients of v,
X1 and xo respectively. We have

C=1fyr 1 rp (35)
2 re 1

Theinterpretation of ry o isthat it measures the margirja contribution of x; when'y is regressed on xq
and xz. Roughly spesking, one may include x; in the regresson if yy; o is datidicdly significant.
Now ry 1 is obtained by switching subscripts 1 and 2 in (34) and (35); and measures the margind
contribution of x», helpful in deciding whether xo shguld be included. More generdly, the partid
corrdation of y on xq, while holding both X, and x3 fixed, will be based on a4 x 4 matrix Smilar to
(35) having the last column (ry3, r13,r23,1).

In time series analysis, the partial autocorrelation coefficients (PACF) of order k are denoted
by Bk and defined in terms of regressons asfollows.

Vi = — B Yiata, [ For AR(1), we have 311 = ¢1, from (1) of that section above] (36)
Yo = — d1¥-1 — B2 Yot &l For AR(2), we have 82 = ¢, from (1) above] (37)
Yo = — 01¥t1 — 92 Vt2 — O3 Y3 + &l For AR(3), we have 833 = ¢3] (38)

If the AR(2) modedl of (1) above is vdid, and we fitted AR(3) of (38) it is obvious that
(33 =0, and amilaly Gk = 0 for k>3 if we fit an AR(K) model. Thisfact isused asadiagnogtic in
determining the order of the AR modd, especidly emphasized in the Box-Jenkins style of modding.
The numerical estimation of partid autocorreation coefficients is based on the relaionship between
ok = Prk and pg discussed above in (33) for the AR(2) case of (37). The AR(3) modd of (38)
suggests the following interesting relation.

Relation Between Y uleWadker Equations and Partiad Autocorre ation Coefficients:

For the AR(1) modd the YuleWaker equation is smply p1 = ¢1p9 and we have
£11 = ¢1. For the AR(2) they are given by equations (29) and (30), and the solution for (37 is
indicated in (33) as.




1 ;1 m 1 p1 2
Bz = |, 1 p2|=|pr 1 p1 (40)
P2 pP1L P3 p2 p1 1

where the determinant of the 3 x 3 matrix of autocorrdations in the denominaior is directly
edimated. The determinant in the numerator is the same as the one in the denominator except for the
last column, which is (p1, p2,p3). This pattern holds for higher orders aso, and the last column for
Bk becomes (p1, p2,p3, - -+, pk) inthe numerator. Computer programs routingly caculate the partia
autocorrelation coefficients of al orders by this method without running any regressons amilar to
(38). The partid autocorrdation function Gy has a sharp cutoff a the order p when the underlying
true modd is AR(p), so that dl By = O for dl k> p. Durbin(1960) proposed arecursive method of
finding the partid autocorrdations usng the Yule-Walker rdations.

Sonificance tests for Partia Autocorre ation Coefficients

Quenouille(1949) shows that the variance of the estimate ﬁkk of Okk fromasampleof 9ze T
N
isgiven by Va[By] = 2, whence the standard error is

SE[%kk] = % for k > pt1, where the null hypothesisisthe AR(p) model (41)

Many computer packages plot the partia autocorrdations aong with a band for standard errors
based on (41). These plots are an important cornerstone in Box-Jenkins style identification of
ARIMA modds.

General Solutionto ARMA (n,n—=1) Stochadtic Difference Equations:
In generd, consder the n-th order dynamics represented by the ARMA (n,n—1) modd:

I, (L= i) yr=bo+TITH1 — GL) & )
The solution is
%=Y1 G acy @
where _ _ _
Gj = ) + DALF. .. + G ©)

These ), i=1,2,...,n ae the n solutions of the familiar n-th order characteristic polynomia in z
(inverse of the lag operator L) on the autoregressve sde involving the AR parameters ¢.  For
example, in the AR(1) case the polynomid is smply (1 — ¢1L), with the root A1 = ¢1. Inthe
ARMA(2,1) case the polynomid is (1 — ¢1L — ¢oL2) = (1 — \L)(L — AoL), with the two roots
A1 and Ao, which can be complex conjugate if the dynamics involves cyclica behavior. Furthermore,
in (3) the coefficients g; are explicitly known by the following remarkable formula, Pandit and
Wu(1983, p.105).
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In particular, when n=2, g1=(A\1 — 01)/(A1 — A2) and gp=(A\2 — 61)/(A2 — A1).

Box JenkinsARIMA M odedling.

The generd expresson for ARIMA models should include seasond factors as well, denoted
by ARIMA(p,d,g) x (P,D,Q)s is
o(L)Os(L)

(1- L)d yt = pt Py (MW & )

where yt = origind data, with t=time, the lag (backshift) operator L is defined by: Lyt = y;_1,
LLyt = L2yt = y;_» as before. The difference operator Ayt =yt — Vi1 is subject to the identity:
A = (1 - L), and isusudly used to induce Stationarity into atime series.

1 = mean of the data.

p = order of the nonseasona autoregressive term

g = order of the nonseasona moving average term

P = order of the seasonal autoregressive term

Q = order of the seasond moving average term

d = order of the nonseasond differencing

D = order of the seasond differencing

s = length of seasondity

a = random error or white noise term

6(L) = moving average operator other than the seasond

=1 — f1L — L% — -+ —fgLY
¢(L) = autoregressive operator other than the seasonal

=1 — ¢k —dol®— -+ — gplP
Os(L) = moving average seasond operator.

=1 0L —6yL%— -+ —OgL? (Upper caseQand O)
ds(L) = autoregressive seasona operator.

=1— &L — PyLl2— - — &pLP (UppercasePand @)

The methodology of edimating these models is discussed in many books including Box and
Jenking(1970). We shdl now review it briefly. The estimation usudly uses Marquardt or similar

nonlinear least squares algorithm. 1t may need backward forecasting (back casting) to estimate the
mode parameters.

Edimation

Estimation is generdly carried out by the maximum likelihood (ML) or gpproximate maximum
likdihood method. The exact likdihood function for a mixed ARMA(p,g) modd is given by
Newbold (1974). Denote the entire set of AR and MA parameters by 3, the error by

ar =E(a |y.5) 2



where the entire time series data on y; is denoted by y. Also, denote error sum of squares by
ESS(8y) = BL_ & 3
Now, the likelihood is proportiond to:

(1/0)" f(B) exp [ = ESS(5,)] (4)

There are three main methods for estimating (1). Frg, is ML, which maximizes (4). A practica
transformation is suggested by Andey (1979). The second method of estimating (1) is caled exact
least squares, which ignores the term f(5) in (4), and minimizesthe ESS. Observe that the lower limit
of the summation in (3) is —oo, and we would generdly only have finite data Box and Jenkins
suggest back-casting (forecasting backwards in time) a number of pre sample values of a&. Thethird
method is even smpler and more approximate. It is caled conditiond least squares, and ignores the
back-cagting step. The word conditional refers to the fact that the conditiona expectation of pre
sample vaues is zero, and when we ignore pre sample forecasting, we are replacing them by their
conditional expectations.

Diagnogtic Checking

After estimation of (1) is completed, it is desrable to test the adequacy of the modd. It is
obvious that the resduds after the fit should not have any serid corrdaion. Instead of the Durbin-
Watson type tet, the time series literature uses tests based on  autocorrelaions of residuals, 'ﬁj, ther
sums of squares, etc. A common graphica procedure plots the actud ’p\j againg j aong with the 95%
confidence band based on asymptotic standard errors. If the observed /p\j are beyond th 95%
confidence intervd, it indicates that one has to modify the model.

The goodness of fit is often tested by Akaike information criterion

(AIC) = nlog estimated(c2)+2p, where p=total number of parameters estimated. Another
gmilar criterion is
Schwartz (Bayesian information criterion) BIC= nlog estimated(o2)+p log n.

Instead of confidence intervas on '/5]- one may decide to use asingle statistic. Hosking (1980)
reviews a number of Lagrange Multiplier tests for this purpose. Note that in time series ARMA(p,q)
modding one may specify the orders p and q , which describes the null hypothesis. Thereisavariety
of dternative hypotheses possible with other orders of p and g, possible interactions, non-linearities,
etc. If the satidticd test requires one to specify a specific dternative, it would be difficult to use. The
Lagrange Multiplier tests are designed against genera, non-specific aternatives. Hence, the popular
tests are of thistype.

Portmanteau Test by Box and Pierce (1970)

The word portmanteau means a large leather suitcase. Assume that certain conditions given
by Box and Fierce (1970) are satisfied: (i) that the number of lags consdered hy increase as the



samplesize T increase, (i) that the Wold decomposition of yt has coefficients of order O(1/v T) for
j > hy, and (iii) that ht isof order o(v T). Thenthe datistic

Q =TI, 7% where o of items added H=hr (11)
Since ’;5]- are independently distributed in large samples;, it can be shown that Q ~ y2(h—p—q), a Chi-
suare random variable with the indicated degrees of freedom. If the observed Q is greater than the
tabulated Chi-sguare vaue, one concludes that the estimated ARMA modd is defective. Thistest is
effective when the data are from a white noise process. If numerous ’,?)j # 0, Q getsinflated. The
choice of I is arbitrary and there may be a loss of power if Q is used for MA models. For the
MA(1) mode, the Durbin-Watson type (von Neumann ratio based) test based on ’/51 may have
higher power than the Q tes. To improve the performance of Q in smal samples the following
modification is suggested.

Ljung Box Modification of the Portmanteau Test

Ljung and Box (1978) argue tha under the null hypothess that the estimated mode is
adequate, the following gatistic gives a closer gpproximation to the true critica region:

Q = TS 3/ (T—]) ~x%(H-p-a) (12)

Davies et d (1977) point out that the variance of Q" Statistic exceeds that of the Chi-square.

Autocorrelation of Squared Residuds

Since the publication of Engle (1982), econometricians are often concerned about the
autoregressive conditiona heteroscedadticity (ARCH) effects among the errors. In these modd's the
error variance may be unconditionally constant (=), if it is conditioned on past vaues of the
variable, it is not a constant:

E(a{+l | Yt tt-]_! o 1yl) =h (Yt t'[-l; v ’yl) (13)

Tests for ARCH effects are discussed by Engle(1982) and others. A smple portmanteau test for
ARCH effects may be based on the autocorrelation of squared residuds pjj. Granger and Anderson
(1978b) report examples where there may be significant pj; even though the pj are uncorrelated. The
following statistic suggested by McLeod and Li (1983)

Q' = TS /() ~x*) (12)

Various portmanteau tests Q, Q' and Q" considered above are found to be useful in rejecting
inadequate models. They are not very robust in distinguishing between models for ultimate selection.
Hosking (1980) views the Q tests as Lagrange Multiplier tests and shows that if the dternative
hypothesisis an AR(p+1) or an MA(g+1) process, the satistic is the same.



Turning Point Tests

Brockwell and Davis (1987 p.302) discuss many ot these and related tests. If there is a
turning point a i if 1<i<n and if yj.1<y;and at the same time y>V;+1. I1f yq, ¥2 - -+, yn @erandomiiid
sequence, then the probability of a turning point at time i is 2/3. The expected number of turning
points (T) is E(T)=2(n-2)/3 and variance Var(T)=(16n-29)/90 hence T-E(T)/sart(VAR(T)) is
asymptoticaly unit norma.

Normdity Tedts:

The assumption of normdity is present in maximum likelihood and many related estimation
methods as well as in testing. Testing for normdity is usudly based on Pearson's measures of
skewness and kurtos's

Skew= v B1=pg/(u2)¥? and  Kurt = 8p = pa/ (u2)? .

where ,uj:E(yt—y)j /T, the j-th centrd moment. Bowman and Shenton (1975) show that the

estimates SkAEW are asymptoticaly normad, or §M ~ AN( 0, 6/T) and Klrt ~ AN(3, 24/T).
Since the estimated Skew and Kurt are independent of each other, an asymptotic test satistic is

(T/6)sﬁew + (T/24)(K0rt-=3)2. If the distribution is normal (under the null), this statistic has x? as
the asymptotic distribution with 2 degrees of freedom. Granger and Newbold (1977, p. 315) note

thet the asymptatic variance of Skew is (6/T D pj3 and the asymptotic variance of K{irt is
24/ T2 pj4 where the p; may be approximated by 7; and the infinite sums replaced by finite

ums as an gpproximation.  The approximation is reasonable for moderate sample sizes, but not for
smdl samples.



