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1  Converting Matrices Into (Long) Vectors

Convention: Let A be a Txm matrix; the notation vec(A) will mean the Tm-
element column vector whose first set of T elements are the first colum of A,
that is a.; using the dot notation for columns; the second set of T elements are
those of the second column of A, a.;, and so on. Thus A = [a.1, a.9, " ,a.,] in
the dot notation.
An immediate consequences of the above Convention is Vec of a product of two
matrices contains a Kronecker with the identity, (remember to transpose and
write the second matrix before the kronecker).

Exercise: Let A, B be Txm, mxq respectively. Then using the Kronecker
product notation, we have
vec(AB) = (B'®1) vec(A) = (I ® A) vec(B) (1)

by b b1 + asb by + asb
For example, if A= a2 and B= ! 2 then AB= @101 a20s @192 7 A20
az  as4 bs by agby + asbs  aszby + asby

vec(AB)=[] =(B'®1I) vec(A)

1 0 1 0
by 3
0 1 0 1 . .
- 1 0 1 0 [| times Vec(A) can then be verified.
b b
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1.1 Proposition 1

Vec of a Product of Three Matrices has Kronecker with Identity unless the
vec of the middle matrix is used: Let A;, As, A3 be conformably dimensioned
matrices. Then

vec(AlAgAg) = (I ®A1A2) VeC(Ag) (2)

= (A} ®A;) vec(Ay)



= (A5A, ® I) vec(4;).

1.2 Proposition 2
Vec of a Sum of Two Matrices is the sum of vecs. Let A, B be Txn. Then

vec(A + B) = vec(A) + vec(B). (3)

Corollary: Let A, B, C, D be conformably dimensioned matrices. Then from

(1)
vec[(A + B)(C + D)] = [(I® A) + (I ® B)][vec(C) + vec(D)] (4)

=[(C"®1I) + (D’ ®I)][vec(A) + vec(B)]

1.3 Proposition 3

Trace of a Product of Two Matrices in the Vec notation (prime of the vec of a

prime). Let A, B be conformably dimensioned matrices. Then
tr(AB) = vec(A ')’ vec(B) = vec(B ' )’ vec(A). (5)

For above example, tr(AB)= (a1b1 + a2b3) + ( asby + asby) = [ a1 a2 asz a4 |]

illustrates the first part of the proposition 3 regarding the trace.

1.4 Proposition 4

Trace of a product of three matrices involves the prime of a vec and a kronecker
with the identity. Let Ay, Ay, A3 be conformably dimensioned matrices. Then
tI'(AlAQAg) = vec(Al) ! (Ag ® I)vec(Ag) (6)

= vec(A41) ' (I ®Az)vec(As)

= vec(Az2) ' (I ®A3) vec(4;)
= vec(Az) ' (A1 ®I) vec(As)
= vec(As3) ' (A2 ®I) vec(Ar)



2 Basics of Vector and Matrix Differentiation

In the derivation of the least squares we minimize the error sum of squares by
using the first order conditions, i.e., we differentialte the error sum of squares.
This can be formulated in matrix notation. Sometimes we need to differentiate
quantities like tr(AX) with respect to the elements of X, or quantities like Ax,
7' Ax with respect to the elements of (the vectors) x and/or z. Although no fun-
damentally new concept is involved in carrying out such matrix differentiations,
they can seem to be cumbersome. If we have simple rules and conventions, ma-
trix differentiation becomes a powerful tool for research.

Convention of using the same numerator subscript along each row. Let y =

¥(x), where y is a Tx1 vector and x is an nx1 vector. The symbol

W= §=12,- T andj=12",n (1)

denotes the T xn matrix of first-order partial derivatives, the so-called Jacobian
matrix of the transformation from x to y. For example, if y' = (y; y2 y3) and

x' = (1 z2) the convention states that:

8y1/8$1 8y1/8z2
% = | Oya/0x1 0Oya/0x2 | is, in general, a T xn matrix. (1)
dy3/dx1  Oys/0x2

Observe that ith row contains the derivatives of the ith element of y with
respect to the elements of x. The numerator is y and its subscript is fixed along
each row according to the convention. When both x and y are vectors, the
OJy/0z has as many rows are are the rows in y and as many columns as are the
rows in x. In particular, if y is 1x1 (i.e., a scalar), then the above Convention
implies that Jy/0x is a row vector. If we wish to represent it as a column vector
we may do so by writing dy/ 92’ , or (dy/ dz)' . On the other hand, if x is a
scalar (Jy/ Oz) is a column vector.

In general, if Y is a Txp matrix and x is an nx1 vector, 0Y/0z is a Tpxn

matrix
%—Z = 8% vec(Y). (2)



where 0/0r makes an nx1 ROW vector of the same dimension as x. In the
context of Taylor series and elsewhere it may be convenient to depart from this
convention and let 9/0x be a column vector.

We now state some useful results involving matrix differentiation. Instead
of formal proofs, we indicate some analogies with the traditional calculus and
make some other comments to help the reader in remembering the results.

In (scalar) calculus if y= 3z, then 0y/0x = 3. Similarly, in matrix algebra
Derivative of a matrix times a vector is the matrix: Let y be a Tx1 vector, x

be an nx1 vector, and let A be a Txn matrix which does not depend on x. We

have
y = Ax, implies (Jy/0x) = A. (3)
n
Note that the i-th element of y is given by y;, = Y. a;x zp. Hence, 371"’; = a;j .

k=1

Exercise 1: If y= o'z = 2/a, where a and x are Tx1 vectors show that 0y/0z
is a row vector according to our convention, and it equals a’.
Exercise 2: If S= y'y, where y is a Tx1 vector show that 95/98 = 0/, where [
and 0 are px1 vectors, since S is not a function of 3 at all. This is useful in
the context of minimizing the error sum of squaes u'u in the regression model
y= X0 +u.
Exercise 3: If S= ¢/ X3, where y is a Tx1 vector, X is a Txp matrix, and [ is a
px1 vector show that 05/98 = y' X, This is also used in minimizing the residual
sum of squaes in regression.
Chain Rule in Matrix Differentiation: In calculus if y= f(z), and x= ¢(6) then
0y/00 = (0y/0x)(0x/06). Similarly in matrix algebra we have the following.

If y = Ax, as in (3) above, except that the vector x is now a function of
another set of variables, say those contained in the r-element column vector 6,

then we have

(the Txr matrix) g—z = % 92 = A % (where % is an nxr matrix) (4)

Convention for second order derivatives (vec the matrix of first partials be-
fore taking second partials). Let y = ¢(z) where y is a Tx1 vector and x is an

nx1 vector. Now by the symbol 9%y/ 0z 02’ we shall mean



(the Tnxn matrix) % = 8% vec| % ] (5)

so that the second order partial is a matrix of dimension (Tn)xn. Opera-
tionally one has to first convert the T xn matrix of first partials illustrated by
(1) above into a long Tnx1 vector, and then compute the second derivatives
of each element of the long vector with respect to the n elements of x written
along the n columns—giving n columns for each of the Tn rows.

Chain Rule forSecond order partials w.r.t. . Let y = Ax be as in (3) above. Then

62 2
sy = (A ® L) s555 (6)

Exercise: True or False ? 9%y/( 00 00 ') is of dimension Tnrxnr, (A ® I,.) is
of dimension Tnxn and 9z/ (90 90 ' ) is nrxr .
First order partial, x and A are functions of 6 : Let y = Ax, where y is Tx1, A
is Txn, x is nx1, and both A and x depend on the r-element vector . Then the

T xr matrix
9 , ,
W=(x'®Ir) %+ A% (7)

where 0A/00 is Tnxr. Next we consider the differentiation of bilinear and

quadratic forms.

Derivative of a Bilinear form involves first vector prime times the matrix (or
the second vector prime times the matrix prime.) Let y = z Az, where y is a
scalar, z is Tx1, A is Txn, x is nx1, and A is independent of z and x. Now the
1xT vector of derivatives is as follows.

9 _ 1A oy _ 1
7 =X A’ and the 1xn vector 37 = z A.

First Derivative of a Quadratic form. Let
y = x 'Ax,

where x is nx1, and A is nxn square matrix and independent of x. Then a 1xn



vector

W= x"(A+A).

Exercise 1: If A is a symmetric matrix, show that dy/0x =2 x'A.
Exercise 2: Show that J( //'X'X3)/08 =20’ X'X.
Exercise 3: In a regression model y= Xf + u, minimize u'u and show that a
necessary condition for a minimum is 0= 23’ X’X — 2y’ X, and solve for 3.
Second Derivative of a Quadratic form. Let A, y, and x be as in Proposition 6

above, then

32
i = AT+ A

2
and, for the special case where A is symmetric, % = 2A.

Derivatives of a Bilinear Form with respect to 6. If y = z 'Axz,

where z is Tx1, A is Txn, x is nx1, and both z and x are a function of the

r-element vector 6, while A is independent of §. Then % =x'A’' % +z'A %

where % is 1xr, % is Txr and 80 is nxr. Now the second derivcative is as
follows.

02 o) il

iy = [ 5] AR+ [ B] A [E]+ (xA el &

+(2'AT) fn

Derivatives of a Quadratic Form with respect to .. Consider the quadratic
form y = x' Ax
where x is nx1, A is nxn, and x is a function of the r-element vector 6, while A

is independent of . Then % =x/(A' + A) 2 .

i = (Z) (A + A (%) + (K4 + Al o) F

Derivatives of a Symmetric Quadratic Form with respect to . Consider the

same situation as in Corollay above but suppose in addition that A is symmet-



ric. Then

dy __ / Ox
90 — 2XA 90

52 2
gy =2 (%) A(%)+ 2XA]) 5.

First Derivative of a Bilinear form w.r.t the matrix. Let
y = a’'Xb,
where a and b are nx1 vectors of constants and X is an nxn square matrix.

Then an nxn matrix g—}é =ab’.

First Derivative of a Quadratic form w.r.t the matrix. Let
y = a’Xa,
where a is an nx1 vector of constants and X is an nxn symmetric square matrix.
Then an nxn matrix

g—)y{ = 2aa’ —diag(ad’).

where diag(.) denotes the diagonal matrix based on the diagonal elements

of the indicated matrix expression.

3 Differentiation of the trace of a matrix

Convention. If it is desired to differentiate, say, tr(AB) with respect to the ele-
ments of A, the operation involved will be interpreted as the “rematricization”

of the vector in the following sense

Note that gi;(c‘?f)) , is a vector. (exercise: what dimension 7).

Having evaluated it we put the resulting vector in a matrix form expressed

otr(AB
by ta(A ).
Let A be a square matrix of order m. Then (%571(;4) =1

If the elements of A are functions of the r-element vector 0, then



otr(A otr(A) Ovec(A Ovec(A
a(e) = 81}60((14)) ae( ) = vec(I)’ ae( !

Differentiation of the Trace of a product of a number of matrices.
Differentiating the trace of products of matrices with respect to the elements
of one of the matrix factors is a special case of differentiation of (1) Linear
form: a’z, where a is a vector, (2) Nonlinear forms including a bilinear form:
7z Az, where A a matrix, and z and x appropriately dimensioned vectors. and
quadratic form x’Az. Hence the second-order partials are easily follow from the

corresponding results regarding these forms.

(1) Trace of a Linear Forms: Derivative of tr(A X )= A":

Let A be Txn, and X be nxT; then 8"8(;})() = A’

Exercise: Verify that %’gB) =A
Exercise: Verify this by first choosing A= I, the identity matrix.

If X is a function of the elements of the vector 6, then

otr(AX otr(AX) Ovec(X ovec(X
ée } = Bve(c(X)) ae( ) = vec(A') 69( )

(2) Trace of Nonlinear Forms:
Let A be Txn, X be nxq, and B be qxg¢; then 8% tr(AXB) = A'B".

If x is a function of the r-element vector 6 then % tr(AXB) = vec(A'B)’ %—{0{.

Derivatives of the trace of four matrices, skip the w.r.t matrix and prime them
all. Let A be Txn, X be nxq, B be qxr, and Z be rxgq; then

Gr(AXBZ) — A'Z'B, and E5BZ) _ BIXT A,

If X and Z are functions of the r-element vector 6, then



8tr(f(&9)§BZ) _ vec(A’Z’B’)' 8veace(X) + vec(B'X’A')’ 81}%09(2)

Let A be TxT, X be qxT, B be gqxg; then
otr(AX'BX
Gr(AXBX) — B'XA' + BXA.

Exercise: Verify that 27 AXB) _ AXB 4 A’X B’

If X is a function of the r-element vector 6, then

HEEE) = vec(X)[(4' @ B) + (A @ B)] 2515,

Derivative of a power of trace is that power times the inverse: % =nA-!

4 Differentiation of Determinants.

Let A be a square matrix of order T; then

%'—ﬁl = A*, where A* is the matrix of cofactors of A defined as C= (¢;;), where

i,j the element is

cij = (—1)"det(A;;) where A;; denotes an (T-1)x(7T-1) matrix obtained by
deleting i-th row and j-th column ofA.

If the elements of A are functions of the r elements of the vector 6, then

olA| %/ Ovec(A)
20 — VeC(A ) —90 -

Derivative of the log of a determinant is simply transpose of its inverse:

Olog(det A _
st = (A7

If A is symmetric, % = 2471 — diag(A™!) ( Note, a;; = aj;)



where diag(W) denotes a matrix based on the selection of diagonal terms
only of W.

5 Further Matrix Derivative Formulas

for (Long) Vec and Inverse Matrices

Derivative of a product of three matrices with respect to the vec operator ap-
plied to the middle matrix involves a kronecker product of the transpose of the

last and the first matrix.

Ovec(AXB) __
OvecX =B ®A

Derivative of the inverse matrix with respect to the elements of the original

matrix

ox—h _ _x-1lzx-1

0z

where Z is a matrix of mostly zeroes except for a 1 in the (i,j)!" position. In
this formula if z;; = z;; making it a symmetric matrix, the same formula holds
except that the matrix Z has one more 1 in the symmetric (j,i)" position. Why
minus? When the matrix X is 1x1 or scalar we know from elementar calculus
that the derivative of (1/X) is —1/X?2. The above formula is a generalization of
this.

Exercise: Verify the above formulas with simple examples.

6 Some Matrix Results for Multivariate Normal Variables

If x ~ N(u, V), x is an n dimensional (multivariate) normal with mean vector p
and the nxn covariance matrix V, a linear transformation of x is also normal.
Consider the linear transformation y = A x + b, where y and b are nx1 vectors
and A is an n x n matrix. Thus

x~ N(u, V)andy =Ax+b=y~N(b+ Ay, AV A") (1)

If x and y are jointly multivariate normal random variables

(1)

(2]~ NCLED ), [V V“’])

Vyx Vyy

10



then the conditional distribution of x conditional on y is also normal

x|y ~ N([E(x) + VayVi' 7—EW)] 5 Vew — Vay V' Vi ) (2)

Similarly, y conditional on x is also normal.
yIx ~ N ([E@) + ViuVi! G=E@)] 5 Vyy = Vi Via' Vay ) (3)

If x is a p x 1 vector of multivariate normal variables with mean vector pu and
covariance matrix V, that is, x ~ N(y, V), and let A and B be p x p matrices of
constants, it can be shown that
E[(2'Ax)(2'Bx) = tr(AV)tr(BV) + 2 tr(AVBV)+(u/ Au)tr(BV) + (/' Bu)tr(AV )+
+ 4/ (AVB)p + (W Ap) (' Bp)

Cov|(2'Az)(2'Bx)] = 2tr(AVBV) + 44/ (AV B) p.
var(x'Az) = 2tr(AV)? + 4,/ (AVB)u

For a proof see Graybill(1983, Matrices with Applications in Statistics, Wadsworth,
Belmont, Calif., p367)

7 Taylor Series in Matrix Notation

In calculus Taylor’s Theorem is described as follows. We use the operator no-

tation:

(h a@x‘i‘ k g% ) f({L'O, yo) =h fl‘(x07 ya) +k fy(xoy yo)
where f, denotes 0f/0x and f, denotes Jf/0y. Similarly, for the 2-nd power:

(h 5%"‘ k 3%, )2 f(xo, yo) = h? facz(l'oa yo) +2hkfzy(xo> yo) + k? fyy(xm yo)

where f,, = 0%f/020x, f., = 0°f/020y and f,, denotes 9°f/dydy. In general,

11



(h 8%+ k a@y )™ £(zo, yo) is obtained by evaluating a Binomial expansion of the
n-th power.
Given that the first n derivatives of a function f(x,y) exist in a closed region,
and that the (n+1) — st derivative exists in an open region. Taylor’s Theorem
states that

£(zo +hy Yo+ k) = [ (20, yo) +(h Ft k 5 ) H(wo, yo) + 57 (0 Fotk £ ) £z, yo)+
.+

(b Gt k5 )" £(@o, Yo) +ign(h &+ k g )" (w0 + ah, yo + ak)

where 0< o < 1, x=2,+h, y= 9y, + k. The term involving the (n+1)—th partial
is called the remainder term. When one writes this in the matrix notaion it
is usually intended as an approximation, and all terms containing higher than
second order partials are ignored. Let x be a px1 vector with elements x,
xg,- -, xp. Now f(x) is a function of p variables. Let 0f(z)/0x denote a px1 vec-
tor with elements 0f(z)/0x; , where i=1,2,---p. Similarly,
let 0 f(x)/0x0x" denote a pxp matrix with (i,j)-th element 9*f(z)/0z;0x;.

Now Taylor’s approximation is

2
f(x)= f(2°) + Sy (@i —29) G f(2°) +554 2]y (w5 — 2f)] 5055 £ ()] (2 — ),
that is,

2° o 2 z° °
f(x)= f(z°)+ (x—z°) 20 11 (x—goy| BTN (x—z0)

in the matrix notaion. If the second derivative term is to be the remainder
term we replace 9%f(2°) by 0?f(X) where X= a 2°+ (1—a) x, with 0< a < 1.

8 Matrix Inverse by Recursion

If we want to compute the inverse of (A—zI)~! recursively let us write it as
(A—2D)l=— (z2I-4)' = £ [ "' + Bzt + -+ + B, 4]

where

A =det (zI-A4) = 2" + ap1 2"+ - + ag

12



is a polynomial in complex number z of the so-called z-transform. This is often
interpreted as z= L~!, where L is the lag operator in time series (Lz; = z;_1).
Multiplying both sides by A we get polynomials in z on both sides. Equating
the like powers of z we obtain the recursion:

Br=A+ap11

By = AB; + ap-2o 1

B, =AB, +a,_ Ifork=2,---, n-1
and finally since B, is absent above, we have

B,=0=AB, 1+ a1l

9 Matrix Inversion When Two Terms Are Involved

Let G be an n X n matrix defined by
G = [A + BDB'| !, (1)

where A and D are nonsingular matrices of order n and m respectively, and
B is n x m. Then
G=A1-A1'B[D!+BA B BAL (2)

The result is verified directly by showing that GG~! = I. Let E= D! +
B’A"!'B. Then

G7'G=1-BE'B'A™! + BDB'A™! - BDB’A'BE"!B'A!
=1+ [-BE~! + BD - BDB'A"'!BE1|B'A™!

=1+ BD[-D'E~! +1 - B'A'BE11B'A™!

=1+ BD[I-EE Y B’A™! = I, where (I-1) = 0 eliminates the second term.

An important special case arises when B=10 is an n x 1 vector, and D = 1.
Then

(A +bb)~l = A1 — A AL (3)

Many other useful results on matrix inversion are found in Jazwinski (1970,
pp. 261-2).

13
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10.

11.

12.

13.

14.

Useful Results Normal / Chi-square Distributions

. If y is normal, N(y,0?), then z = b + ay is normal, N(ay + b, a?0?) for a # 0.

. If y is N(u,0?), then z = (y — p)/o is N(0, 1).
. If y and z are independent normal variables, then y + z is normal.

. If each y;, where i = 1, 2, /--- n, is independent N(u,0?), then defining ¥

= Y,y;/n implies
y is N(u,0%/n).

. If y is a random variable with mean y and variance 02, then for n sufficiently

large, then mean

§ from a random sample of size n, is approximately normal N(u, o2/n).

10.1 Chi-square Distributions

. If y is N(0,1), then 32 is x?.
. If 2 is X% and z9 is an and z; and 2o are independent, then z; + 25 is X72n -
. If y1, y2,- - -, yn are each independent N(0,1), then ¥,;y? is distributed as x2.

. If 21, 29,---, 2, are each independent N(u, 02), then ¥; (z; — p)?/o? is dis-

tributed as x2.
[e.°]
If the sample variance of a random sample 1, y2, ---, ¥, is 62 = 3. (y; —
i
¥)2/(n — 1), and each y; is N(u,0?), then (n—1)62/0% is x2_;.
If the (nx1) vector y is distributed N(0, I,), then y 'y is distributed as x2.

Ifyisan (n x 1) vector distributed as N(0,I,)) and A is an (nxn) symmetric

idempotent matrix of rank r, then y ‘A y is distributed as y2.

If the (nx1) vector z is distributed as N(0,0%I,) and A is an (nxn) sym-

metric idempotent matrix of rank r, then (z'Az/0?) is distributed as x?2.

Let y be an (mx1) vector that is distributed as N(§,0%1,), A an (nxn)
symmetric idempotent matrix such that Aj = 0, B an (mxn) matrix and
AB’ = 0. Then B y is distributed independently of the quadratic form

(y 'Ay) -

14



15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

If y is an (nx1) vector that is distributed as N(0, ¢°I,) and A and B are
idempotent (nxn) matrices of rank r and s and AB = 0, then y'Ay is
distributed independently of the quadratic form y’'By.

If y is an (nx1) vector distributed as N(0, 021,,) and A and B are idempotent
(nxn) matrices of rank r and s respectively, then u, the ratio of y 'Ay/c?
and y'By/c? each divided by its rank is distributed as F, .

If y is F},,, , then z = 1/y is distributed as F,, ,.

If the nx1 vector e is distributed as N(u, A), then e’ A~ 'e is distributed as
Xy With 7 = 0.50/A71 pu.

If the (nx1) vector z is distributed as N(u,0?I), then W = z'Az/0? where
A is a symmetric idempotent matrix of rank k, is distributed as y,%ﬂ with
noncentrality parameter v = ;1/202. If B is an (nxn) symmetric idempotent
matrix of rank q with BA = 0, By = 0 and Z = z'Bz/c?, then the quantity
u = (W/Z)(q/k) is distributed as non-central F}, , ..

If the random variable z has a X%W distribution that is independent of w,

which is distributed as XZ, then u = qz/(kw) is distributed as Fj, .

Let the (kx1) vector 3 be distributed as N(8,02(X’X)™") and 3 is dis-
tributed as N(f;,02c;), where ¢;; is the ith diagonal element of (X'X)™! =
C. Consequently (5; — 3i)/oc;; is distributed as N(0,1) and it is independent
of (T—k)6?/0?, which is distributed as x% ,. Therefore,

_ Bi=Bi (02)8'5 _ Bi=p

v = oCij (5‘2) -5 oci;
is distributed as Student’s t7_;.

If the (n x1) random vector z is N(0,0%I,) the expected value of the
quadratic form z'Az/c? is equal to trA. Therefore, if A is an (nxn) sym-

metric idempotent matrix of rank r, then E(z'Az)o? = r.

The reciprocal of the central y? random variable with degrees of freedom
has expected value E[(x?)"!] = 1/(r—2), for r > 3.

The central x? random variable with r degrees of freedom has variance 2r.

The square of the reciprocal of a central y?> random variable with r degrees
of freedom has expected value E[(x2)7?] = 1/[(r—2)(r — 4)].

Any non-central y?> random variable with r degrees of freedom and non-

centrality parameter 7, may be represented as a central x> random variable

15
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with (r + 2j) degrees of freedom (conditional on j) where j is a Poisson

random variable with parameter ~.

Matrix Algebra Review for Normal Theory in Statistics

. The characteristic roots of an (nxn) matrix A are the n roots of the poly-

nomial |A — vI|, where ~ is a scalar.

. For an (nxn) orthogonal matrix C (where C'C = CC’ =1) C’ is orthogonal.
. If C is orthogonal then its determinant |C| is either 1 or —1.

. If A is an (nxn) symmetric matrix, then there exists an (n x n) matrix P

which is orthogonal and P’AP = a diagonal matrix with diagonal elements
that are the characteristic roots of A and the rank of A is equal to the

number of non-zero roots.

. If A is an (nxn) symmetric matrix then A is positive definite if and only

if all its characteristic roots are positive, where a positive definite matrix

is one where the quadratic form y’Ay is positive for all y+# 0.

. If A is an (nxn) positive definite matrix, then |A| > 0, the rank of A is

equal to n and A is non-singular.

. If A is an (nxn) positive definite matrix and P is an (nxm) matrix with

rank m, then P'AP is positive definite.

. If A is an (nxn) positive definite matrix then there exists a positive definite

matrix A~ 1/2 such that A=1/24A471/2 =Tand A"Y24-1/2 = A-1. Also we write
AYZ = (A7Y2)~1 and AY2AY? = A,

In particular, if P is an orthogonal matrix such that P n

Tp
where the 7; are the characteristic roots of A, then A'/2 = P [711/2 . 7;/2]
P’

. Given an (nxn) symmetric idempotent matrix A (i.e., A = A’ and AA =

A), then if A is of rank r, A has r characteristic roots equal to 1 and (n —r)
roots equal to zero, the rank of A is equal to trA and there is an orthogonal
matrix C such that

I, 0
C'AC = .
0 Op—r
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10.

11.

12.

13.

14.

15.

The identity matrix is the only non-singular idempotent matrix and a

symmetric idempotent matrix is positive semi-definite.

If A and B are (nxn) symmetric matrices and B is positive definite, there
exists a non-singular matrix Q such that Q' AQ = A and Q'BQ = I, where
A is a diagonal matrix [Rao (1973, p. 41)].

If A and B are two symmetric matrices, a necessary and sufficient condition
for an othogonal matrix C to exist such that CAC = A and C'BC = M,
where A and M are diagonal, is that A and B commute, i.e., AB = BA.

If A is a symmetric (nxn) matrix with characteristic roots Aj, Ay, -+, Ay

and corresponding characteristic vectors p1,po,- -, p,, then A = \ip1pj+---+

AnpnPys I = p1py + poph + -+ + pupl, and sup, (y'Ay/y'y) = Mi; infy (y'Ay/y'y)
= A, where y is a column vector.

The characteristic roots of A are those of BAB~!, where A,B are non-

singular matrices.

If B is (nxn) non-singular matrix and 7 is (nx1) column vector, then max,

(y'm'y/y'By) = n'B~ .
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